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Abstract 
As the demand increases from the International Accounting Standards Board 
(IASB), there is correspondingly an increasing interest in establishing a set of 
standard valuation approaches, which can give a clear measurement of the value 
of both liabilities and assets. In the insurance industry, especially for the pensions 
providers and the life insurers, the importance of non-hedgable insurance risks, such 
as the longevity risks, is now being recognized. The appearance of insurance-linked 
securities provides some suitable hedging instruments to assist the insurance 
institutions in managing these non-hedgable risk exposures. The aim of this thesis 
is to investigate the valuation of non-hedgable insurance risks and consider how the 
insurance institutions can use insurance-linked securities to hedge these risks. 
We start from a simple discrete multi-period market model. By issuing a 
new security, which can be viewed as an insurance liability, we are looking for 
the equilibrium price of the new asset. We will also use some pricing methods 
from financial mathematics, i. e. risk minimization methods and the variance 
optimal martingale approach, to value the new asset. We also introduce a set of 
approximate pricing methods based on power series expansions. 
111 
Based on a two-factor stochastic mortality model, we simulate the price of a 
pension annuity. By using a linear approximation method, we bridge the gap 
between the discrete time model and continuous model. 
We extend the discrete market model to a continuous model, and we con- 
sider an investor with some future insurance liability. We use the martingale 
approach with a pension annuity as the numeraire and the stochastic optimal 
control method to find out the investor's optimal terminal wealth and the optimal 
trading portfolio process. By introducing a new asset, (that is, an insurance-linked 
security into the market model), we investigate how the investor can use the new 
asset to hedge the insurance risk, and how to benefit from the insurance-linked 
asset. We also consider some more complex asset models, such as a stochastic 
interest rate model, as well as a more complex and practical pension annuity model. 
We also investigate how the choice of a numeraire can simplify the calcula- 
tion process by using a numeraire with a general form. 
iv 
Acknowledgements 
I would like to express my gratitude to all my supervisors, Prof. Andrew Cairns and 
Dr. Mark Owen for their guidance, advice and encouragement during the course of 
my research. 
The thesis will not be possible without the love and encouragement from my 
parents and my wife. My indebtedness to them for their understanding and respect 
all my decisions. 
I have enjoyed working with my colleagues. Their work in related areas has 
stimulated my research. No less is my gratitude to my friends in Scotland and 
China for their great support and wonderful friendship. 
V 
ACADEMIC REGISTRY 
Research Thesis Submission 
Name: XZNiii PAN 'TU 
School/PGI: AA-( 
Version: (i. e. First, 
Resubmission, Final) 
4I Degree Sought: P/ /1 
ýw T 
Declaration 
In accordance with the appropriate regulations I hereby submit my thesis and I declare that: 
1) the thesis embodies the results of my own work and has been composed by myself 
2) where appropriate, I have made acknowledgement of the work of others and have made reference to 
work carried out in collaboration with other persons 
3) the thesis is the correct version of the thesis for submission*. 
4) my thesis for the award referred to, deposited in the Heriot-Watt University Library, should be made 
available for loan or photocopying, subject to such conditions as the Librarian may require 
5) I understand that as a student of the University I am required to abide by the Regulations of the 
University and to conform to its discipline. 
Please note that it is the responsibility of the candidate to ensure that the correct version of the thesis 
is submitted. 
Signature of 
Candidate: 
Date: q" 
Submission 
Submitted By (name in capitals): 
Signature of Individual Submitting: 
Date Submitted: o-> o9- 
For Completion in Academic Registry 
Received in the Academic 
Registry by (name in capitals): 
Method of Submission 
(Handed in to Academic Registry; posted 
through internal/external mail): 
C*fb L, W)G f%AIT(. NEt. L_ 
cpuýýý 
Date: 191 (, 0 (zco. 1' 
Signature: 
pýýý 
October 2004 
BLANK IN 
ORIGINAL 
Contents 
Abstract iii 
Acknowledgements v 
Introduction 1 
0.1 Motivation Behind Fair Valuation .... . .... . ..... .... .1 
0.2 Insurance Linked Derivatives ..... ..... ..... ....... .5 
0.3 Thesis Outline . ..... ..... .... . .... . .... . .... .8 
1 Multi-Period Equilibrium Pricing Model 
1.1 Multi-period Equilibrium Model . .... . .... . .... . .... . 
1.1.1 Existing Market Model .... . .... . .... . .... ... 
1.1.2 Equilibrium Pricing in AT Time Period Market Model .... 
1.1.3 Issue of A New Security ..................... 
1.2 Risk Minimization Pricing and The Variance Optimal Martingale 
Measure ...... . .... . .... ..... . .... ........ 
1.2.1 Risk Minimization Pricing ..... ....... ..... ... 
1.2.2 Pricing with the Variance Optimal Martingale Measure .... 
1.3 Conclusion ..... ..... ..... ....... . .... . ..... 
2 Approximate Pricing with the Coefficient of Absolute Risk Aver- 
sion 
2.1 Approximate Pricing with The Coefficient of Absolute Risk Aversion 
2.1.1 Approximate Pricing with Taylor's Expansion I... ..... 
2.1.2 Approximate Pricing with Taylor's Expansion II . .... ... 
2.1.3 Asymptotic Expansion ................... ... 
2.2 A Mixed Exponential Utility Function .... ....... . .... . 
2.3 Conclusion ..... ....... . .... . .... . .... . .... . 
3 Preliminaries for Martingale Approach 
3.1 Market Model Setup ................... ....... . 
3.2 Utility Function and Convex Dual Function . .......... ... 
3.3 Utility Maximization ................... ..... ... 
3.4 Conclusion ..... ....... . .... ... ....... . .... . 
4 Martingale Approach in Continuous Time Model 59 
4.1 An Incomplete Market Model ...... . .... . .... . .... . 
59 
4.2 Optimization Problem with Power Utility Function .... . .... . 
63 
vi' 
4.3 Issuing A New Asset ................... ........ 
70 
4.4 Conclusion ......................... ........ 
75 
5 Dynamic Programming: HJB Approach 77 
5.1 The Original Market Model ............... ........ 
78 
5.2 Issue of A New Asset .... ... .... . .... . .. ..... ... 
82 
5.3 Conclusion ..... ..... ..... ..... ..... ..... ... 
84 
6 Stochastic Mortality Model 87 
6.1 A Two Factor Mortality Rate Model .................. 
88 
6.2 Pricing Annuity with Stochastic Mortality Model . .... . ..... 
94 
6.2.1 Pricing with a Constant Interest Rate ...... . .... . .. 
96 
6.2.2 Pricing with Stochastic Interest Model . .... . .... ... 
97 
6.3 Conclusion ................................. 100 
7 Martingale Approach with Stochastic Interest Rate 101 
7.1 Stochastic Interest Rate Model . .... . .... . .... . .... . 102 7.2 Martingale Approach with Stochastic Interest Rate ..... .... . 105 7.2.1 Utility Optimization Problem . .... ... ..... ..... 107 7.2.2 Issue of A New Asset ..... . .... ..... . .. ... .. 114 7.3 Martingale Approach for Longevity Bond . ....... ... .... . 119 7.3.1 Utility Optimization Problem . .... . .... . .. ..... 121 7.3.2 Issue of A New Asset . ..... .... ... ..... ..... 127 
7.3.3 The Effect of The Longevity Bond ..... ..... ..... 132 
7.4 Numerical Example ..... ....... . .... . .... . .... . 132 
7.5 Conclusion ..... ... .... . .... . .... . .... . ..... 139 
8 Martingale Approach with General Numeraire 141 
8.1 Market Model Specification ..... ... .... ... ....... . 142 
8.2 Utility Optimization Problem .... ... ... .... . ...... . 145 
8.3 Conclusion ..... ....... ... ..... ..... ..... ... 151 
9 Conclusion and Suggestions for Further Research Suggestion 153 
A Monte Carlo Simulation 
B Proof of Corollary 7.2.2 
References 
157 
159 
167 
vii' 
List of Figures 
2.1 Relationship Between Wealth and Equilibrium Price (al = 1, a2 = 2, 
k1=1) ................................... 43 2.2 Relationship Between Equilibrium Price and The Number of Unit .. 44 2.3 Relationship between Price and Wealth for Different al and a2 .... 45 2.4 Relationship Between Wealth and Equilibrium Price with Different k 45 
2.5 The Scatter Plot for ARA and The Equilibrium Price ......... 46 2.6 Contour Plot for Approximate Price and The Real Price. Solid line: 
The equilibrium price; Dash line: approximate price candidate .... 47 6.7 Simulated Values of A(25) ...... ....... ........... 90 6.8 Simulated Values of A(25) ........................ 93 6.9 The Contour Plot of Residuals .... ..... ..... ..... ... 95 7.10 Dynamics of the investor's optimal wealth process before and after 
the issue of the new asset. Solid line: Investor's optimal terminal 
wealth before the issue of the new asset; Dot line: Investor's optimal 
terminal wealth after the issue of the new asset . .... . .... . .. 134 7.11 QQplots for the logarithm of the investor's terminal wealth process. 
(a) before the issue of the new asset; (b) after issue of the new asset. 134 
7.12 Proportions of wealth invested in each asset. Top: before the issue 
of the new asset; Bottom: after the issue of the new asset. Solid 
line: proportion of wealth invested in cash; Dash line: proportion of 
wealth invested in bond; Dotted line: proportion of wealth invested 
in equity; Semi-dash line: proportion of wealth invested in longevity 
bond ..................................... 135 
7.13 Proportions of wealth invested in each asset for an extremely risk 
averse investor (ry = -3000, RRA = 3001). Top: before the issue 
of the new asset; Bottom: after the issue of the new asset. Solid 
line: proportion of wealth invested in cash; Dash line: proportion of 
wealth invested in bond; Dotted line: proportion of wealth invested 
in equity; Semi-dash line: proportion of wealth invested in longevity 
bond ..................................... 136 7.14 Investor's terminal wealth process as a function of risk aversion pa- 
rameter. Left: before the issue of the asset; Right: After the issue of 
the new asset. ............................. . 138 
ix 
BLANK IN 
ORIGINAL 
Introduction 
0.1 Motivation Behind Fair Valuation 
As a result of the convergence of the insurance industry and some other financial 
sectors, insurance companies and pension issuers are facing many more risks than 
they have before, not only the insurance specific risks embedded in themselves, 
but also the investment risk inherent to the whole financial industry. The greatly 
increased dependencies and linkages between insurance companies and other 
financial sectors is reflected by the involvement of insurance companies in credit risk 
transfers and the emergence of insurance linked financial products in the capital 
markets. 
In recent years, the concept of Fair Value has become much more important in the 
U. K. insurance industry. As the demands increase from the international accounting 
professions, a comprehensive financial reporting framework is necessary to improve 
the transparency of the accounting information, and a set of standard valuation 
approaches which can give clear measurement of both liability and asset values 
will facilitate risk transfers between the insurance companies and other financial 
sectors. The International Accounting Standards Board (IASB) and the Financial 
Accounting Standards Board (FASB) have promoted a Fair Value based account- 
ing framework and used the following principle to provide the definition of fair value: 
Fair Value: amount for which an asset could be exchanged, or a liability 
settled, between knowledgable, willing parties in a liquid market. 
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As a result of the move by IASB towards fair value accounting, there is in- 
creasing interest in how to value life insurance liabilities, in particular liabilities 
embedded with unpredictable insurance risks. Insurance specific risks include, 
such as the risk associated with the calculation of the premium, calculating of 
contingent commissions and the operating risks. For example, The life insurers 
covers the insurance policy holders against death, sickness and disabilities in long or 
medium term products, e. g. pension annuities. With the development of biological 
science and the health system, the pension issuers have to face a key problem that 
mortality has improved substantially in the last few years, and it is very difficult 
to forecast the future improvement in it. Research from Government Actuary's 
Department (GAD) (2002) shows that "over the period 1961-2001, the average 
annual improvement in mortality rates has been nearly 1.4 percent for males and 
1.3 percent for females. " This kind of longevity risk has constituted a significant risk 
factor for life insurers, and the uncertainty of mortality improvement has caused 
difficulty in the calculation of premiums and reserves for insurance products. As 
another example, the general insurer provides the insurance against the properties 
and liabilities. They face the risks such as, earthquakes, hurricanes, some other 
natural disasters, and also some man-made disasters, e. g. terrorist attacks. In 
the last few years, the frequency of natural disasters has risen sharply overall. 
These unexpected risks means that the insurance company does not have sufficient 
reserves to meet their obligations. However the fair valuation of the insurance 
liability could provide an internal model for risk assessment, and guarantee the 
insurance companies have a stable solvency profiles. 
As we have seen in the last few years, the insurance company also faced in- 
vestment risks from the financial market. On the asset side of the insurance 
company's balance sheet, they always have stocks, bonds, loans and real estate. 
All of them are subject to financial market risk. The market risk we define here 
includes share prices, interest rates, asset prices and exchange rates. Another kind 
of investment risk is liquidity risk. Thus the fluctuation of the equity market 
and the steady falls in bond yields lead to inconsistency between the income 
2 
generated from the premiums and the future liabilities in insurance companies. The 
application of the fair valuation approach in combination with the use of suitable 
stochastic asset models can help insurance companies to assess the financial market 
risks more precisely so that it can help them avoid the overestimation of the asset 
values and maintain the financial stability of insurance industry. 
In the rest of this section, we will give a brief review of the basic ideas of 
the valuation approach in the insurance industry and other financial sectors. 
Prior to the convergence of the capital market and the insurance market, the 
two fields of insurance and finance started separately. In a traditional insurance 
contract, benefits and premiums are fixed, and mortality is the main source of 
uncertainty, provided expected cash flows are matched. Some stochastic models 
for the underlying risk process have been introduced by Buhlmann (1996), Gerber 
(1979) and Grandell (1991). In the field of financial mathematics, some financial 
engineers have contributed to construct a criterion for valuation and hedging 
of liabilities. Samuelson (1965) advocated a framework where the stock prices 
was modelled by a Geometric Brownian Motion, i. e. the exponential function 
of a Brownian motion, with the advantage that it does not generate negative 
prices. Black and Scholes (1973) and Merton (1973) introduced the idea that 
options on stocks should really be priced such that no sure profits could arise 
from composing portfolios of long or short positions in the underlying stock and 
in the option itself. Assuming that the option prices were a function of time 
and the current value of the stock, they obtained the celebrated Black-Scholes 
formula for European Call Options. Cox, Ross and Rubinstein (1979) investigated 
a simple discrete time model, which showed how to replicate a relatively complex 
contingent claims by using dynamic hedging given certain restrictions on the models. 
According to replicating principles, the use of a dynamic hedging strategy 
help us establish a unique, no-arbitrage price for the contingent claim. But we still 
find that almost all contracts in the real world cannot be replicated, hence it is 
difficult to find a unique no arbitrage price in reality. Instead, there exists a range 
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of prices which are all consistent with no arbitrage prices. There are lots of rea- 
sons for this, such as, the presence of transaction cost, jumps in the market prices etc. 
Many approaches have been proposed to solve this problem, that are mainly 
concerned with hedging a contingent claim to optimize a certain objective functions 
rather than pricing directly. Many researchers apply the mean variance hedging 
as one form of the more general variance minimizing hedging approach. The first 
approach is due to Follmer and Sondermann (1986), who consider the the special 
case that the price of the security is a martingale under real world measure P and 
proposed risk-minimizing strategies; later, extensions to the general semi-martingale 
case was discussed by Duffie and Richardson (1991); Schweizer (1995) determined 
the optimal-variance strategy which minimizes the variance of the net loss of a 
contingent claim over all strategies. While all these papers almost mainly focus 
on the hedging strategy, later, Schweizer (1996) constructed a signed martingale 
measure to price a contingent claim. 
Cairns (2001) introduced a simple, one-period market model of a new and 
quite general security. Rather than considering the microeconomic impact on 
one single investor, he considered the macroeconomic point of view and derive an 
equilibrium price by maximizing different investors' utility, then comparing the 
equilibrium approach with the often-more-tractable risk minimization approach. 
He also find that there are very close links between the equilibrium and the risk 
minimizing prices, and they will coincide in some kind of special circumstance. 
Möller (2002) reviewed the methods of hedging and valuation of insurance 
claims with an inherent financial risks, with special emphasis on quadratic hedging 
approaches and indifference pricing principles and their applications in insurance. 
Focusing on the unit-linked life insurance contract, he demonstrated how to price 
and hedge an insurance contract by using traditional methods from incomplete 
financial market, such as, risk minimizing, mean-variance hedging, super replication 
and indifference pricing with mean-variance utility functions. 
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0.2 Insurance Linked Derivatives 
Insurance linked derivatives (ILD) have raised considerable interest in the financial 
market in recent years. Such contracts provide the insurance companies with 
an alternative risk transfer instrument. For example, in the non-life insurance 
sector, the companies issued Catastrophe Bonds (CAT bonds) to insure against 
the increased natural disaster risk, so that some portion of risks of the natural 
disasters are transferred to the bond subscribers. In the life insurance sector, the 
first publicly-offered insurance ILD, the Swiss Re mortality derivative, was issued in 
December 2003, and was followed by the European Investment Band/Bank National 
de Paris longevity bond announced in November 2004 (subsequently unsuccessful). 
The main motivations for the ILD are arising with transferring the insurance risk 
to the capital market in order to improve the risk management capability in the 
insurance companies; increasing the capital adequacy and capital efficiency so as to 
meet the regulatory requirements. 
Since the credit risks can be transferred from the banking sectors to other 
financial sectors, e. g. mutual fund, insurance company and pension fund, the 
insurance companies can also use insurance linked derivatives to transfer the 
insurance specific risk, for example, the risks of natural disasters, longevity risks 
or mortality risks, to the capital market. Longevity risk has constituted the one of 
the most important risk factors for the life annuity issuers, since the realized future 
mortality trend differs from the current anticipations (see Currie et al. (2004)). By 
using a specific insurance linked derivative, such as a longevity bond, the annuity 
issuers can transfer the longevity risk inherent in a portfolio of annuities or in a 
pension plan. The longevity bond involves selling a series of future cash flows, 
which depend on a specific mortality table. For example, the Swiss Re bond is 
based on the mortality index of the general population of the US, UK, France, 
Italy and Switzerland. The term of the bond is three years, and the price of the 
bond is $400 million, and it pays LIBOR plus 135 basis points. If the mortality 
index exceeds 130% of the 2002 level, the principal is reduced; if it exceeds 150%, 
the principal will be exhausted. For investors, they also show great appetite for 
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insurance linked derivatives because of the lack of correlation with the financial 
market and the competitive prices compared with other fixed income products, such 
as hybrid capital. Another advantage of insurance linked derivatives is that they 
help the insurance company improve its financial stability. After securitization of 
its insurance liabilities, a company can free up part of their capital, so that the secu- 
ritization increases the capital adequacy and capital efficiency inside of the company. 
A significant amount of research on the insurance linked derivatives has been 
done in recent years, since Blake and Burrows (2001) proposed a framework for 
the securitization of the longevity risk, the survivor or longevity bond. The basic 
idea behind the product is that the coupon payments of the bond depend on a 
specific mortality index of a certain cohort. In 2004, the European Investment 
Bank announced the issuance of a longevity bond. Although it was not success- 
fully offered in the market, it represented a pioneering step for the longevity risk 
management. Cairns et al. (2005a) gives a detail description and discussion about it. 
Another type of insurance linked product is the survival swap. Like an in- 
terest rate swap, the survivor swap is an agreement to exchange future cash flows. 
The difference between it and the interest rate swaps is, the interest rates based on 
the future interest rate, but the survivor swaps based on the outcome of at least 
one survivor index. In Dowd, Blake, Cairns and Dawson (2006), they investigate 
vanilla survivor swaps and how to use the survivor index to manage, hedge and 
trade the mortality linked risks, and suggest how to estimate their premiums and 
values in an incomplete market model. 
To price the insurance linked product, i. e. longevity bond, survivor swaps, it 
is very important to set up an underlying asset model for the mortality index 
for the projection of mortality trends. In Currie, Durban and Eilers (2004), they 
analyzed the historical trend in mortality by using P-splines. They showed that 
improvement of the mortality varied substantially over the time and also varied 
among different age groups, so a stochastic mortality model is suggested for 
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modelling the mortality index. 
One of the most important mortality models is proposed by Lee and Carter 
(1992), which uses a discrete time model and has been widely employed by 
insurance companies. They model the central death rate involving both the 
age-dependent and time dependent terms, and fit it to US population data. A 
univariate ARIMA time series was used to model the time dependent terms, 
which has the effect that the changes of the mortality rate for different ages are 
perfectly correlated. Renshaw and Haberman (2003) demonstrates the imperfect 
mortality correlation among the ages, and extend the model by adding a second 
time-dependent set of changes. In Renshaw and Haberman (2006), they introduce 
a wider class of generalized, parametric, non-linear models. This permits the 
modelling of age-specific cohort effects and age-specific period effects. 
Cairns, Blake and Dowd (2006a) introduce a two-factor stochastic mortality 
model. The first factor affects mortality rate dynamics at all ages in the same way, 
whereas the second factor controls the mortality rate at higher ages much more that 
at lower ages. In Cairns, Blake and Dowd (2006b), they give a detailed overview 
of the stochastic mortality models. By using the similarities between the interest 
rate and the force of mortality rate, they introduce a set of different frameworks 
for valuation of the mortality risk, such as, short rate models, forward mortality 
models, positive mortality models and mortality market models. 
The above mortality models can be applied to different kinds of mortality 
linked derivatives. For the model under the physical probability measures, the price 
of the mortality derivatives can be obtained by equivalent utility principle, see 
Gerber and Pafumi (1998). For the model under the risk neutral measure, as we 
know from the financial mathematics, the prices are given by the expected value of 
the discounted future cash flows. Lin and Cox (2005) suggested a different pricing 
approach for the mortality linked product. They use the observed annuity prices 
to determine the market price of the mortality risk as the shift parameter in Wang 
7 
transform to estimate the probability of the mortality rate. 
Nowadays, we have seen the increasing volatility in the corporate bond mar- 
ket and the stock market, especially the increase of the credit risk from other 
asset backed securities, i. e the mortgage backed securities. Insurance linked 
derivatives will be more accepted by the investors, not only because they are a 
risk management instrument for insurance companies, but also because they are an 
investment instrument which is independent of the financial market risks. 
0.3 Thesis Outline 
In Chapter 1, we establish the fair value of an insurance linked liability in a 
simple discrete multi-period market model. We will set up a multi-period market 
model firstly, then issue a new and general security, which can be seen as an 
insurance-linked liability. We will investigate the impact of the new introduced 
security on the market, and attempt to predict the price (the fair value) at which it 
will enter a liquid market. We will also compare the equilibrium pricing approach 
with the popular risk-minimization approach and the variance optimal pricing 
approach in financial mathematics. 
Chapter 2 investigate some approximate pricing methods with the coefficient 
of Absolute Risk Aversion (ARA). We will apply Taylor expansion and asymptotic 
expansion method with a general utility function to find some approximate price 
candidates of the asset. To check the correctness of the approximate pricing 
methods, we construct a simple market model, and assume that the investor will 
have a mixed exponential utility function. Then we work out the approximate price 
by using numerical method and use it as a market equilibrium price of the asset. 
Then we compare the approximate price candidates with the equilibrium price. 
In Chapter 6, we will consider pricing a pension annuity with a two factor 
stochastic mortality model. We will introduce the two factor stochastic mortality 
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model firstly, and then make the linear approximation for the price process of 
annuity. We propose to specify the dynamic process of annuity prices under a 
risk-adjustment measure. We will also investigate the dynamics of annuity prices 
with a stochastic interest rate model. 
From Chapter 3 onwards, we extend our market model to a continuous-time 
model. We will introduce some preliminary knowledge for pricing financial instru- 
ments using the martingale approach. These results will facilitate the development 
of later chapters. 
In Chapter 4, we construct a simple continuous financial market model. We 
will work out the investor's optimal wealth which maximizes their terminal utility. 
We will also consider the investor's related portfolio process and the effect when a 
new asset, i. e. an insurance linked product, is issued in the market. 
In Chapter 5, we use the stochastic optimal control method to work out the 
investor's optimal portfolio process and the optimal terminal wealth, and show the 
consistency between the martingale approach and the stochastic optimal control 
method. 
In Chapter 7, we will construct a continuous financial market model with a 
stochastic interest rate. We also introduce a more practical longevity bond 
asset model into the market model. We investigate the investor's optimal terminal 
wealth, the optimal trading portfolios and the impacts of the longevity bond to them. 
Chapter 8 investigates the effect of changing the numeraire. We will intro- 
duce a general numeraire in the market model. By working out the investor's 
optimal terminal wealth and the optimal portfolio process, we show that the changes 
of numeraire will not affect the final results, but can facilitate the calculation process. 
Chapter 9 gives the conclusions and some suggestions for further research. 
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Chapter 1 
Multi-Period Equilibrium Pricing 
Model 
In this chapter, we will see how to establish the fair value of an insurance linked lia- 
bility in a simple discrete multi-period market model. We will set up a multi-period 
market model first, then issue a new and general security, which can be seen as 
an insurance-linked liability. We will investigate the impact of the new introduced 
security to the original market model, and attempt to predict the price (the fair 
value) at which it will enter a liquid market. 
Based on the same market model, we will also use the popular risk-minimization 
approach to price the new asset, which has been widely used by many financial 
engineers, e. g. Follmer-Sondermann (1986), Follmer-Schweizer (1991) and Schweizer 
(1992). Then we compare the price candidate from the risk minimization method 
with the equilibrium price. We also check the consistency between the risk 
minimization method and the variance optimal martingale approach, and extend 
the two approaches from a one-period model to a two-period model. 
1.1 Multi-period Equilibrium Model 
In this section we consider an equilibrium pricing model. To begin, we set up the 
multi-period market model. Then we will focus on the equilibrium pricing method 
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and investigate how to price a new asset based in the existing market model, and 
how the new asset affects the prices of the original existing assets. 
1.1.1 Existing Market Model 
Let's start by considering a financial market, in which there are n securities 
available for investment. The n securities have prices SS(t) per unit at time t 
(t = 0, ..., T) for i=1, ..., n. Here, we assume that the units of stock are infinitely 
divisible, and each underlying business will exist for T years only. Later on, we 
will also consider the pricing problem for a new issued asset, S, a+l 
(t), which will be 
introduced in the market at time 0. 
We assume also that a cash account is available as an alternative investment, and 
the risk-free interest is equal to r. We also assume that there are no restrictions on 
long or short investments so that money can be borrowed by all investors at the 
risk-free interest rate without limit. 
In addition, we assume that there are K investors in the market. Investor k, 
(k = 1, ..., K), 
has an initial wealth W (k) (0) at time 0 and also has a utility function 
for terminal wealth (W (k) (T) = w) at time T, which satisfies 
U(k)(w) = -exp(-a(k)w), 
where a(') is investor's risk aversion parameter. In this general model, we assume 
that different investors have different coefficients of absolute risk aversion Q()" 
The price of security i at time T is assumed to be of the form 
S(T) = Z(1) + ... + Z(T), 
(1.1) 
where S(t) = (Sl(t),..., S,, (t))' is price vector of securities (the notation ": " indicates 
a vector contains the first n elements of a long sequence). Z(t) = (Zl(t), ..., Zn(t)) 
is a vector of normal random variables and satisfies 
Z(t) - N(jt(c) (t), V (k) (t)), 
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where A( k) (t) = (µ4k) (t), ..., µnß`) 
(t))' is the expected return of each asset at time t, 
and V (k) (t) the covariance matrix of n securities at time t. We denote by 
6(k) (t) 
the volatility matrix and V (k) (t) = Ck(t)Ck(t)' (C(k) (t) is nxn lower triangular 
with elements ci(j )=0 for all j> i). 
Note that we allow individual investors to have different assessments of the 
distribution of Zi(t), (i = 1, ..., n). Specially, under the investor's subjective 
measure, {ZZ(t)}t 1 are i. i. d normal random variables. Thus all investors assume 
normality in this market model, but each has different estimates of mean, variance 
and covariance. Let us define fi = (ul, ..., us)' where ui 
denotes the number 
of units of security i, (i =1,..., n), assuming that the number of the existing 
securities will not change through the time horizon. Then we define a vector P(c) (t) 
which stochastically depends on the information filtration Ft-1, and represents 
the proportions of investor's wealth invested in each security by investor k from 
time t-1 to time t. At time T, company i is closed down, the book value of 
the company, Si(t), will be distributed to shareholders. Our first goal is to use 
equilibrium arguments to establish the equilibrium market prices of the existing 
securities. To do this, we will work backwards recursively. 
1.1.2 Equilibrium Pricing in AT Time Period Market 
Model 
We denote the expected utility function of investor k's terminal wealth by 
c'(k)(t, w, P, s) = E[U(k)(W(k)(T))IW(k)(t) = w, P(k)(t + 1) = P, s(t) = s]. 
Now, we introduce an optimal value function through the general time horizon T 
H(k)(t, w, s) := snip E[U(k) (W(k) (T)) I W(k)(t) = w]. (1.2) p(k) (t+l),..., p(k) (T) 
In this optimization problem, we assume that all investors are rational investors and 
will act optimally, so that the price process S(t) is the equilibrium price process. 
From the Bellman Principle of Optimality, we know that an optimal sequence of 
decisions in a multistage decision process problem has the property that, whatever 
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the initial state and decisions are, the remaining decisions must constitute an optimal 
policy with regard to the state resulting from the first decisions, so we can use it to 
reduce a multi-period optimization problem to a one period optimization problem. 
Thus the optimization problem in equation (1.2) becomes 
H(k)(t, w, s) = sup E[H(k)(t + 1, W(k) (t + 1), S(t + 1))1IFt]. 
p(k) (t+1) 
THEOREM 1.1.1 In a T-time period model, the optimal utility of the investor at 
time t is 
where 
H(k)(t, W, S(t)) = _g(k) (t) exp(_cx()(t)W(k)(t)), 
a(k)(t) = a(k)rT-t, 
and, 
g(k)(t) = exp 
{_! (k)l[T(k)(t + 1) + ... + 
V(k)(T)]ü 
Furthermore the equilibrium prices of securities at time t<T are 
S(t) - 
rT t 
Z(1) + ... + Z(t) 
K -1 K 
+I Eaýk)V(k)(T)-1 Ea(k)V(k)(T)-1(k)(t+1)+... +{ý(k)(T)ý 
k=1 k-1 
_ 
(k) v(k) (t + 1) -1 
1+... 
+E 
lV (k) (T)-1 E 
k=1 k=1 
a(k) 
Proof. We will prove the theorem by inductive methods, working backwards on the 
time horizon. From equation (1.1), we have known that the price of the assets at 
time T. Then we assume the prices of the assets at time t+1 is 
S(t + 1) = 
rT 
lt_1 
+ 2(t + 1) 
N -1 N 
-I- 
_(k) 
T(k) (T)-1 E 
a(k) 
r(k)(T)-1 [f (k) (t +2) + 
... 
+ il(k) (7')] 
k=1 k=1 
N -1 N -1 E- 
[(Lk(t 
k) 
+2)-' + 
... 
+ 
(±k(T)-i) 
2L 
k=1 k=1 
then we try to look for prices of assets at time t. 
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At time t+1, the wealth of investor k is 
W(k) (t + 1) = W(k) (t) 
Ir 
+ P(k)(t + 1)[Ä(t)-1, §(t + 1) - r] 
II 
where A(t) = diag(S(t)). 
From the Bellman Principle of optimality, the optimal terminal utility of in- 
vestor k can be expressed as 
W, s) 
= sup E[H(k)(t + 1, W(k) (t + 1), 
S(t + 1)) 1 W(k) (t) = w] 
P(k) (t+l) 
= sup E[-g(k)(t+ 1))exp(-a(k)(t+ 1)W(k)(t+ 1))IW(k)(t) = w] P(k) (t+l) 
= sup -g(k)(t + 1) exp {- a(k)(t + 1)w r+ P(k)(t + 1) 
(A(t)_1r_T_t_1Z(1) 
P(k) t1l+... 
+ 2(t) + V(k)(T)-1 
-1ý 
V (k)-1(µ(k)(t + 1) + 
... 
+ iý(k)(T)) 
( 
a(k) a(k) 
(T) 
k_ -1 k=1 
N1N 
-( 
Ea()V(k)(t+2)-1 +... + (k)(T)-2 -re 
k=1 k=1 
-f-ýca(k)(t + 1)2w2r-z(T-t-i)P(k)(t + 1)Ä(t)-JV(k)(t + 1)Ä(t)-1 p(k)(t , +. 1) (1.4) 
where 6= (1, ..., 1)' 
(n elements) is a unit vector. When the investor maximizes 
their utility at time t+1, the first order condition for maximizing their utility gives 
us that 
d 
dP 
ln-E[-g(k)(t + 1)) exp(-GY(k)(t + 1)W(k)(t + 1))IW 
(k)(t) 
= w] 
_ -a(k)(t + 1)w A(t)-lr-(T-t-1) Z(1) + ... + 
2(t) 
N -1 N 
-ý- (k)(__v-') a(k)Výk)(T)-1(µ(k)(1 
+ 1) + 
... + µ(k)(T)) k=1 k=1 
- 
(_-V(t +2) -1 
-1 
ý..... + (%-_V(k)(T)_1)_1))1] - re 
k-1 
LY J 
k_1 
a( k) 
+a(k)(t + 1)2w2r 2(T-t-1)A(t)-lV(k)(t + 1)A(t)-1p(k)(t + 1). (1.5) 
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Setting it equal to 0, we can get the optimal strategy of the investor k from time t 
to t+1, which gives us 
p(k)(t + 1) 
r 
2(T-t-1) 
= a(k)(t + 1)wA(t)V 
(k) (t + 1) -1 r-(T-t-1) 
[2(1) 
+ ... + 
2(t) 
+E 
a(k) 
-1 N 
k) (T)-2 (, (k) (t + 1) + 
... 
+ (kT)_1) -1 k=1 1 
N -1 N 
-C(LcTk(t +2)-l + ... 
+E 
a(k)V(k)(T)-1/ / 
uJ 
- 
k-1 k=1 
-rE(t) }. (1.6) 
Let ü(k) (t + 1) be the optimal number of units held by investor k from time t to time 
t+1, then 
üýký(t + 1) = Ä(t)-lp(k)(t + 1)w 
r2(T-t-1) 
a(k)(t + 1)V 
(k)(t + 1)-l 
lr-(T-t-1)[2(1) 
+ ... + 
2(t) 
. +/E r(k)(l')\-1ý 
a(k) 
V (k)(T)-1(A(k)(t + 1) + 
... 
+ ij(k)1T 
k=1 
a(k) 
/ 
k=1 
1l 
NN 
V (k) (t + 2)-1)-1 . +, ... 
+ 
aýk) 
- 
a(k) 
k=1 k=1 
-rS(t) (1.7) 
If we assume that there are a total of ü units of stock in the market, then we obtain 
K 
fi = Eu(k)(t -F 1) 
k=1 
K 
r2(T-t-1) 
= 
a(k)(t+ 1) 
V(k)(t + 1)-1 
k=1 
+(ý 
(k) 
(µ(k)(t + 1) + ... + i-ý(k)(T)) k_1 a(k) k_1 a(k) 
1 
N ((J»k)(t -1 
--+-2) -1 
k=1 
-rS(t) 
I. 
N1 -1 
k=l 
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(1.8) 
In order for equation (1.8) to be satisfied, the equilibrium price of the security at 
time t should be 
SW - 
rT t{Z(1)-F-... 
+Z(t) 
N _1 N 
+(Eaýk)V(k)(T)-11 
a(k)V(k)(T)-l 
[A(k) (t + 1) + 
... 'i- /µ(k) 
(T)] 
k-1 J k-1 
-( 
ask) 
V (k) (t + 1)-1l + 
... 
+ 
(E ýk) ý%(k) (T)-1l 
-1l 
7l (1.9) 
k-1 k-1 
Taking equations (1.9) and (1.6) into the investor's expected utility function 
H(k) (t, W, S) = E[H(k) (t + 1, W(k) (t + 1), '(t + 1))I W(k) (t) 
we obtain that 
HM (t, w, S(t)) = -9(k) (t) exp(_C, (k)(t)W(k)(t)), 
where 
and 
a(k)(t) = a(k)rT-t, 
9 (k) (t) = exp -+ 1) + ... + 
(T)) , 
13 
REMARK 1.1.2 From equation (1.9), we find that the prices do not depend on the 
investors' initial wealth. This is one of the properties of the exponential utility 
function, since, for an exponential utility function, the coefficient of absolute risk 
aversion is constant. 
REMARK 1.1.3 In the special case that all investors agree on the parameters of the 
returns model (p(k) (t) =A (t) and V (k) (t) =V (t) ), we have 
r(T-t-1) A1 
a(o) 
V(t + 1)-1 
r(T-t-1) 
[z(1) + ... + z(t) + µ(t + 1) + ... + j(T) 
-(a °) (V (t + 2) + ... +V 
(T))ü] - r, 
S(t) 
, 
(1.10) 
where 
1N1 
= 
a(k) 
k=1 
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then we will get 
S(t) = 
rT t 
[2(1) + ... + 
2(t) + µ(t + 1) + ... + µ(T) 
-a(°)(V(t+ 1)+... +V(T)) x ü], (1.11) 
so the price of the securities at time 0 is 
S(O) 
= 
rT [µ(1) -I- ... -}- 
µ(T) - aý°ý (V (1) -}- ... -F- 
V (T)) x ü]. (1.12) 
In the following part of this chapter, we will assume that all the investors agree 
on the parameters of the returns model (A(k) (t) = µ(t) and V (k) (t) =V (t)). Thus 
we have a market with homogeneous investors and the decision can be made by a 
representative investor. This result we obtained here is quit similar as the standard 
results in Duffie (1992). 
1.1.3 Issue of A New Security 
In this section, we will focus on pricing a new security which is issued at time 0. We 
suppose that all investors agree on the market parameters. At time 0, an external 
agency issues a new security Sn+l (0), and the number of units of the new security 
in the market is equal to 0. Let us define S as a new price vector including n+1 
securities ("' notation means a vector include n+1 elements). At time T, we 
assume the prices of these n+1 securities satisfy 
S(T) = 2(1) +... + Z(T), 
where 
Z(t) N(ýý(t), V (t)), 
and 
P(t) _ (11(t), ... ' Pn+l(t))I. 
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We define V (t) and 'V(t) are original covariance matrix and new covariance matrix 
respectively at time t, and the new volatility matrix including new security is 
C(t) 
c(t) _, 
U (t), 
where o(t) _ (Ql(t), ... ,o 
(t), ýn+i(t))'. 
Thus the extended covariance matrix for S(t) is 
pct) i C(t)a(t) 
or(t)-c(t)' i oct)'act) 
We suppose that the total number units, ua, of original securities (i = 1, ..., n) will 
not change, and denote the number of units of the new issued security by u, 1+1. 
As we have assumed that all investors agree on the market parameters (V (t), µ(t)), 
then all investors will have all positive holdings in the new security, all negative or 
all zero. From equation (1.12), we find that, in this model, the price of security does 
not depend on the initial wealth of investors. This imply that the prices of original 
securities will not be influenced by the issue of new security if all investors agree 
on the market parameters and the number of new security is equal to zero. So if 
we have n+1 stocks in the market, at time 0, using the similar arguments from 
equation (1.4) equation (1.12), we can obtain the new price vector 
S(O) = 
rT[µ(1)+... 
+µ(T)-aý°ß(V(1)+... +V(T)) x v]. 
Now note that 
V (t) x 
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v(t) C(t)a(t) 
_x -- 
----- - --- Un+1 
cr(t)'C(t)' I a(t)'U(t) 
V (t)fi + C(t)Q(t)Un+l 
------------- 
Q(t)'C(t)'ü + Q(t)'Q(t)un+l 
which allows us to write 3 (0) as 
S(O) =r {-i(1) +... + µ(T) - a(0) 
V(l)it + C(i)o(i)u,, +1 
(1.13) 
).. Q(1)'C(1)'ü + Q(1)'Q(1)un+l V (T)ü + C(T)Q(T)un+1 
+ ------------- 
Q(T)'C(T )'ü + Q(T)'u(T )un+l 
(1.14) 
Then from equation (1.14) and equation (1.12), after the issued of the new asset, 
the revised price vector for the original n securities, S(O), is 
[µ(1) +... + µ(T) - a(°)(V (1) + ... +V (T))iý S(0) = TT 
-a(°)ILn+1(C(1)Q(1) +... + C(T)Q(T))] 
= 5(0) - a(°)un+l(C(1)»(1) +... +C(T)cr(T)). (1.15) 
REMARK 1.1.4 Note that equation (1.15) showed that, when the number of units 
of the new security is equal to zero (u, a+l = 0) and all investors agree on the same set 
of market parameters, the revised price vector is equal to the original price vector. 
It follows that the prices of securities 1 to n will not be affected by the introduction 
of the new security. This is mainly because, if the new security is in zero supply, 
then there will be no investors taking any position in the new security. This leaves 
us to optimize over the original securities as we have done in section (1.1.2), and 
from equation (1.14) the price of new security at time 0 is 
Sn+1(O) = 
rT[µn+ý(1) 
-I- ... -F µn+ý(T) - aý°ý(a(1)'C(1)' -I- ... -I- a(t)'C(T)')ý 
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-u °)u,, +i(Q(1)'Q(1) +... + Q(T)'a(T))]. 
(1.16) 
REMARK 1.1.5 Suppose the new security is issued by an existing company. Then 
the issuer takes the opposite position to each investor in the new security. This 
means that the net quantity of the new security is zero. It follows that if the net 
quantity is not equal to zero then the security must be from some external agencies, 
and the prices of the original securities will be affected by the newly issued security. 
1.2 Risk Minimization Pricing and The Variance 
Optimal Martingale Measure 
In this section, we will address the variance optimal pricing methods in the discrete 
time model. The original idea of risk minimization is due to Schweizer (1995). In 
Cairns (2001), he considered using risk minimization method to price a new issued 
asset which can be viewed as a insurance linked security. Following Cairn's work, 
firstly, we assume that we are working on a one time period model, from time 0 
to time 1. We assume that there exist a risk free cash account and one stock, 
S1, available for investors in the market now, and then we consider the problem of 
pricing a new asset, S2, which is issued at time 0. To get a suitable price for this 
new security, both Cairns and Schweizer try to minimize: 
Ep [(S2(1) - xor - x1S1(1))2] , 
(1.17) 
where Si (t) represents the price of security i at time t, r is the risk free interest 
rate, xo represents the initial wealth of investors invested in the risk free asset and 
x1 represents the number of units of security 1 held by the investor. 
In Cairns (2001), he applies risk minimization method to obtain a fair value 
of the security. The method entails establishing the portfolio of existing securities 
which matches most closely the payoff of the new security. It is then proposed that 
the value at time zero of this matching portfolio be a candidate for the market 
price of the new security. 
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On the other hand, Schweizer constructs a variance optimal measure ý which plays 
the role of a pricing measure. The price of the new issued security should be 
S2(0) =Ek1 (1.18) 
We will use both the risk minimization method and the variance optimal martingale 
measure approach to seek the price of a new issued asset. We will also check the 
consistency between them. Note that, here we are in a complete market framework 
(two security, two random sources, so it is not surprising that all pricing methods 
coincide, but in some incomplete market case, they will be different, we will illustrate 
this later. Especially, we will compare the results from risk minimization method 
with the equilibrium price from the last section. 
1.2.1 Risk Minimization Pricing 
In this part, we use the risk minimization method to look for the price of a new 
issued asset. The method has been widely used by many financial engineers, e. g. 
Follmer-Sondermann (1986), Follmer-Schweizer (1991) and Schweizer (1992). We 
assume, before the issue of the new asset, there is one security available in the 
market, and the price of the original security at time 1 is S1(1) = µ1-I- C1Z1, where 
. µl is the expected value of the security at time 1; 
" In this case, Cl is a scalar and V= Ci; 
" Zl is standard normal random variables; 
" All of them can be extended to a vector or covariance matrix when there are 
more than one stock in the market. 
When a new security is issued at time 0, we define an extended price vector at time 
1 as 
S(1) = T, 
where jl = (µl, j62)1 
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c1 o 
a= (Q1, a2) , 
' and Z= (Z1i Z2). 
It follows that the covariance matrix for S(1) satisfies 
v cial 
v=ý 
ulcl uIor 
In the risk minimization method, minimization of the equation (1.17) is equivalent 
to minimize first of the variance of S2(1) - x1S1(1), then to choose xo so that 
Ep [S2(1) - xor - x1S1(1)] = 0. 
From equation (1.19), we have 
S2(1) - x1Si(1) = µ2 - xiµi + ciiZi + Q2Z2 - x1C1Z1, 
hence Var [52(1) -x151(1)] _ 
(a1 - x1C1)2 -I- QZ 
_ (71+172-2x1CQ1-}-x1 
To minimize the variance, we have to solve the equation 
dx1Var 
[S2(1) - x1S1(1)] = 2Vx1 - 2C1a1 =0 
find that X1 = V-1C1Q1. 
Finally, since 
E [S2(1) - rxo - xiS1(1)} = 0,1 
which implies that Xo =r (µ2 - x1/21) 
(1.20) 
(1.21) 
23 
1 
=1 (µ2 - QiCjV-iµl) . 
(1.22) 
On the announcement that a new security will be issued, the price of original security 
will change instantly, and denote the revised price of S1(0) by S1(0). Thus with 
equation (1.15) and (1.12), the candidate price of the new security, and the value at 
time 0 of the best matching portfolio will be 
W(0) = xo + x1S1(0) 
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r (µ2 - QiCiV-lµl) + Q1C1V-i Si(o) - rau2Ciai 
=r (µa - a1C1V-1µi) + U1C1V-1 (µl - a(°)Vul - aý°»u2C1Qi) r 
1 
=r (112 - a(°)91C1U1 - a(°)u2Q1) , 
(1.23) 
where u is the number of units of security n in the market. 
Assuming that n=1 and T=1, from equation (1.16), we can obtain that 
the equilibrium price of the newly issued asset is 
S2(O) = r[µ2 - a(°)Q1C1u1 - a(°)u2(ýi a )]. (1.24) 
We can see the inconsistency between the prices of the new asset from these two 
different pricing approaches. In particular, we have 
W(0) - S2(0) = CY(°)u2Q2Q2, 
i. e. the difference of the new asset price between the equilibrium pricing method 
and the risk minimization pricing approach is given by a(°)u2o2a'2. To close the 
gap between them, we introduce an equivalent martingale measure Q, under which 
Z? = Ai + Z; are i. i. d standard normal random variable. We call A2 the market 
price of risk with respect to risk i. Thus under measure Q, the original price vector 
under P becomes 
+ 02Q? 
where ý= (A1. A2)'. 
For security 1, under the new measure, we have 
EýýSI(1)ý = µi - C1A1 = rSl(0), 
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thus from equation (1.15) and (1.12), we obtain 
xi = ci'(µi - rA(O)) 
= Ci 
l[µl 
- 
(µl 
- a(°)Vul - a(°)u2Cla1)] 
= a(°) (Clue + uacri). (1.25) 
We can see that the market price of risk depends on the investor's risk preference, 
uncertainty in security returns and the amount of the new issued security. If we 
apply the risk minimization pricing approach under martingale measure 0, (see from 
equation (1.21) to equation (1.23)), the candidate price of the new asset follows 
1 
W (O) =1 (µ2 - Q2A2 - a(°)Q1Clu1 - a(°)u261a1) (1.26) 
To make the equation (1.26) match the equilibrium price (1.24), we need 
-ýz = a(°)u262. 
The vector of market price of risk A= (Ali A2)' provides a new measure Q to close the 
map between the equilibrium pricing and the risk minimization pricing approach. 
1.2.2 Pricing with the Variance Optimal Martingale Mea- 
sure 
In Schweizer (1996), a variance optimal martingale measure IID was introduced to 
price a new asset, in which ý is defined via the Radon-Nikodym derivative 
df Z 
_ dlý E[Z]' 
where 
JIT 
j=l(l - 
PWASW); 
Rrt\ 
_ 
E[OSn(t)n? -t+1(1-Q(j)OSn(j))1 
l1 E[ASn(t)2 f t+1(1-A(9)OSn(j))21 
" S,, (t) is the price of the securities at time t and OS, a(t) =*S,, (t) -r S(t - 
1) (t = 1,..., T). 
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Thus, under the optimal variance martingale measure, the price of the security i at 
time t is 
Si(t) = Ep rT tSi(T)I. 
Ft (1.27) 
Recalling equation (1.15), when T=1 and n=1, the revised price of the original 
security is 
Si (0) = S1(O) -r a(O)u2c1U17 
together with equation (1.19), we obtain that 
osi(1) = 
rsi (1) - sß(0) 
=r (µi + C1Z1) -Ir (µi - a(°)Vul) -1 a(°)u2C1Or1J 
= 
1(C1Z1 
+ a(°)Vui + a(°)u2C10'1). (1.28) 
For a new asset, S2(t) at time 0, from equation (1.19), the discounted price of the 
new asset follows 
s2(1) =r (µz + o'1Zi + Q2Z2). 
Thus under the variance optimal martingale measure, ý, the price of the new asset 
should be 
s2(0) = Eý [1s2(1)] r 
Ep 
dprS2(1) 
E[(1 - ß(1)0S1(1)) TS2(l)J 
E[1- ß(1)0S1(1)] 
From equation (1.28), we obtain 
and 
E[OSiýl)ý = 
1(a(°)Vul 
+ ca(°)u2C1Q1), 
r 
(1.29) 
E[OSl(1)2] = 
r2 (Ci + (a(°))2V2ui + (a(°))2C1u2o + 2(a(°))ZV U11l2CiQ1). 
According to the definition of Q(t), we get 
_ Q(1) = 
E[OS1(1)] 
E[OSl(1)2] 
r(a(°)Vul + a(°)u2C1cr1) 
Ci + (a(°))2V 2u1 + (a(°))2Ciui61 + 2(a(°))2Vulu2Cic1 
(1.30) 
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Thus 
E[1- ß(1)0S1(1)] 
=1- 
= 1- Q(1)1(a(°)Vul + a(°)u2C1a1) 
r 
C2 
-1 (1.31) Ci + (a(°))2V2ui + (a(°))2Ciu2a1 + 2(a(O))2Vulu2CiU1' 
and also 
E 
[(1- 
ß(1)0S1(1))! S2(1)] 
=1 2E[l - Q(1)OS1(1)] -r 3(1)E[(CZl + a(°)Vul + a(°)u2C1a1)(oiZi + 0'2Z2)] 
= rµ2E[1 - ß(1)AS1(1)} -r ß(1)E[C1Ziai + CZ1Q2Z2 + 0(°)Vu1Q1Z1 
iZ1 +a(°)Vuja2Z2 + a(°)u2Cj + a(°)u2Cjc1u2Z2] 
= 1112E[1 - ß(1)0S1(1)] -r ß(1)G21" 
(1.32) 
Finally, taking equation (1.31) and (1.32) into equation (1.29), it yields 
S2(0) - 
*µ2E[1- ß(1)i S1(1)] -- ß(1)Ciai 
E[1 - ß(1)iSi(1)] 
11 r(a(°)Vul + a(°)u2C1a1) 
_ ß, µz rCiQiCi 
+ 
(a(°))2V2ui 
+ 
(a(°))2Ci42ý1 + 2(a(°))2V711112CiQ1 
x 
Ci + (a(°))2V 2U1 + (a(°))ZC1 2ýi + 2(a(°))2V u1u2C1al 
C2 
1 a(°)Vu1C1a1 + a(0)U2C10riC1a1 
=r µ2 - C2 1 
1 
=r (µ2 - a(°) Q1Clu. 1 - a(0)v, 20r1Q1) . 
1.33 
REMARK 1.2.1 We can see that the equation (1.33) coincides with equation (1.23). 
This shows the consistence of these two pricing methods, both of them get a variance 
optimal price for the newly issued security. 
In the following part of this sction, we will investigate the structure of the optimal 
trading strategy. Let us define fi(t) as the investor's optimal trading strategy which 
represents the optimal number of unit of the security held by the investor from time 
t-1 to t. Then, we define a predictable process p(t), (t = 1,2, ..., T) 
E[HOS1(t) IIT a+i(l - Q(i)OSl(. 7))] P(t) := 
E[OS1(t)2 I IT t+i(l - Q(. 7)OSi(j))Z)1 
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where H is a contingent claim. We also define a discounted gains process, which 
satisfies t 
for t0 ,1, 
j=1 
THEOREM 1.2.2 For an investor with an intial wealth w0, to hedge a contingent 
claim H, the structure of the investor's variance optimal trading strategy is 
fi(t) = P(t) -13(t)(wo + Gt-i(t)), (1.34) 
Proof. c. f. Schweizer (1995b), Theorem 2.4. 
In our settings, we are trying to hedge H= TS2(1), so 
P(1) = 
E[*S2(1)OS1(1)] 
E[OS1(1)2] 
E[T(P2 + oiZ1 + Q2Z2), i-. (C1Z1 + a(°)Vu1 + a(°)u2C1a1)] 
E[T (CZ + a(°)Vul + a(°)u2C1c1)2] 
_ 
Cluj + am p2Vui + a(°)u2Cial/ 2 
Cl + (a(°))2V2ui + (a(°))2C1u2Qi + 2(a(0))2Vulu2C1Q1. 
(1.35) 
COROLLARY 1.2.3 Under the variance optimal martingale measure, we will have 
E[(H - wo - GT(19))2] 
112 
= wOE[Z] + 2woE[HZ] +EH-E P(j)OX1(j) H (1- QkLXI(k)) 
j=1 k=j+1 
Proof. c. f. Schweizer (1995b), Corollary 2.5. 
Thus, with the definition of Z, we obtain 
E[(H - wo - GT(14))2] 
= wOE[1- ß10S1(1)] - 2woE[r(l-12 + 61Zi + 172Z2)(1 - Q1LS1(1))] 
+E 
r 
(/ 2+ a1Z1 + a2Z2) - Pl 
r (CZ1 + a(°)Vu1 + a(°)u2C1a1) 
21.36) 
To minimize equation (1.36), we differentiate it with respect to wo. Setting the 
derivative equal to 0, we see that 
WO 
2E[1(µ2 + 171Z1 + 0»2Z2)(1 - ßiiS1)] 
°= 2E[(1- ß1AS1)] 
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1 
=r (92 - cx(0)61C1U1 - cx(°)U291Q1) (1.37) 
so, from equation (1.34), (1.30), (1.35) and (1.37), we obtain that 
(1) 
=1 
[Cluj 
+ a(°)µ2Vul Ci + (aý°>)2V2ui + (aý°>)2C1u2a1 + 2(a(°))2uiu2C1Qlµ2 
+a(°)u2C171 -r (µa - a(°)a1Ciui - a(°)u2v1Q1)r(a(°)Vul + a(°)u2ClUl)J 
_ 
C1(71(1 + (a(°))2Vui + (a(°))2u2a2 + 2(a(°))2u1u2C1Q1) 
Ci (1 + (a(°))2Vu1 + (a(°))2u2Q1 + 2(a(°))2u1u2C1a1) 
_ 
U1 (1.38) 
l 
REMARK 1.2.4 Comparing equation (1.21) with equation (1.38), it also shows the 
consistence of these two methods in trading portfolios (Note that, here we are in a 
complete market framework (two security, two random sources, so it is not superising 
that all pricing methods conicide). 
REMARK 1.2.5 Note that both of the two methods can also be extended to a multi- 
period model. 
1.3 Conclusion 
In this chapter, we worked out the equilibrium price for a new issued asset, it can be 
used as a candidate of the fair value of the asset. We also solved the same problem 
with two other different approaches: risk minimization method and variance optimal 
approach. From the results of these two methods, we can see the consistency between 
them, and both of them can be extended to a multi-period model. We compare the 
equilibrium price with the risk minimization price, and investigated the difference 
between them. We found that the gap between can be closed by choosing a suitable 
market price of risk. 
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BLANK IN 
ORIGINAL 
Chapter 2 
Approximate Pricing with the 
Coefficient of Absolute Risk 
Aversion 
In finance and economics, risk aversion is a concept governing the behaviors of the 
investors under uncertainty. With an utility function U(w), where w represents the 
investor's wealth, the Arrow-Pratt measure of absolute risk-aversion (ARA, after 
the economists Kenneth Arrow and John W. Pratt) or coefficient of Absolute Risk 
Aversion (ARA) parameter is defined as 
ARA(w) 
Ul((w) ) 
In this chapter, we will investigate some approximate pricing methods based on the 
application of power series expansion with the coefficient of Absolute Risk Aversion 
(ARA). To do that, we will firstly construct a simple market model. Then we 
introduce an investor with a general utility function into the market model. We 
use Taylor expansion and asymptotic expansion methods with the general utility 
function to find some approximate price candidates of the asset. Finally we will check 
the accuracy of the approximate pricing methods by comparing approximate price 
candidates with the equilibrium market price obtained from a mixed exponential 
utility function. 
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2.1 Approximate Pricing with The Coefficient of 
Absolute Risk Aversion 
In this section, we will investigate approximate pricing methods by using power 
series expansions written in terms of the coefficient of absolute risk aversion (ARA). 
Let us define a simple market model with one asset in one-period model, (T = 1). 
We assume that there exists a single investor in the market with a general utility 
function U(w) :R --º R. We will also make the following assumptions 
" the price of the asset at time 1 is Sl(1) =p+ aiZ(1); 
" Z(t) is a standard normal random variable; 
" the number of unit of the asset in the market is u, and the asset is infinitely 
divisible; 
" the risk-free interest rate is constant. 
We suppose that the investor is rational, and always chooses an optimal portfolio 
process which maximizes their terminal utility. We will apply the power series 
expansions with a general utility function, and then we look for the approximate 
price of the asset, and the relationship between the price and the coefficient of the 
Absolute Risk Aversion. 
2.1.1 Approximate Pricing with Taylor's Expansion I 
Let us define 0 as the number of units held by investor to maximize his terminal 
utility. At time 1, the investor's wealth is 
W(1) = rW(0) + 0(Sl(1) - Sl(0)r), (2.1) 
and the investor's expected terminal utility is E[U(W (1))]. Differentiating with 
respect to 0, we obtain 
dE[U(W(1))] = 
E[U'(W(1))(Sl(1) -Sl(0)r)]. 
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0 
Setting this equal to 0 and solving it, we get 
S, (0) = 
E[U'(W(1))Si(1)] (2.2) 
E[U'(W (1))r] 
Applying Taylor's expansion to U'(W (1)) around W(1), we get 
E[U'(W(1))Sl(1)] ^ E[(U'(rW(O)) 
[(U'(rW(O)) 
+ U"(rW(O))(W(1) - rW(O))) 
l 
(µi +cr1Z(1))] 
=E 
fU'(rW(0)) 
1+ 
U"(rW(O)) (W(1) - rW(0))l (µl + or1Z(1))J 
o/ 
= U'(rW (0))µl - U'(rW (0))ARA(rW (0))E [(W (1) - rW (0)) (µl 
+ýiZ(1))] , 
(2.3) 
where 
(0)) 
ARA(rWo) _ 
U"(rW(O)) 
U (rW(0)) 
is the absolute risk aversion, and also 
E[U'(W (1))r] E U'(rW (0)) + U"(rW (0)) (W (1) - rW (0))/r 
= U'(rW(O))r - U'(rW (0))ARA(rW (0))E[(W (1) - rW (0)X 
]A) 
From equation (2.1), we can see that 
W (1) - rW (0) = O(/1 + a1Z(1) - Sl(0)r). 
Since Z(1) is a standard normal random variable, we obtain that 
E[(W (1) - rW(O))r] = Or(µl - Sl(0)r), (2.5) 
and 
E[(W (1) - rW (0)) (pi + u1Z(1))] =e (lei - Si (0)r)pi + ai . 
(2.6) 
Thus from equation (2.2), (2.3), (2.4), (2.5) and (2.6), we obtain that 
Si (0) __ 
E[W )S (1)] 
E[U(W(1)))] 
U'(rW (0))µl - U'(rW (0))ARA(rW (0))E[(W (1) - rW (0))(µi + Q1Z(1))] 
U'(rW (0))r - U'(rW (0))ARA(rW (0))E[(W (1) - rW(O))r] 
µi - ARA(rW (0))B µl(µ1- Si(0)r) + ai 
_ (2.7) r- rARA(rW (0))6(µi - Si(0)r) 
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Rearranging the above function gives 
ARA(rW (0))B(µ1- Sl(0)r)2 - (µl - Sl(0)r) + ARA(rW (0))Oal = 0. 
Note that, since the price of the asset must be greater than 0, we will get rid of the 
negative root. Thus 
_ 
2ARA(rW (0))Bµ1- 1+ 1- 402ARA(rW (0))2ýi (2.8) Si(0) ~ 2rOARA(rW(0)) 
Let us define a function f (ARA(rW (0))) := Výrj --TO-2A R-A(r W (0))2Q12. The first 
and the second derivative of f (ARA(rW (0))) are 
f'(ARA(rW(O))) = -4ARA(rW (0))Qi 92 
V1- 402ARA(rW (0))2ai, 
and 
f"(ARA(rW(O))) = -4QiO2 
V 1- 402ARA(rW (0))2x1 - 8ARA(rW (0))Zc1B4 
x (1 - 40 2 ARA(rW (0))2Q1 
3. (2.9) 
Thus from the Taylor expansion, it yields 
f (ARA(rW (0))) zzi f (0) + ARA(rW (0)) f'(0) + 
2ARA(rW (0))2 f"(0) 
= 1- 2ARA(rW (0))2B2Q1. (2.10) 
Substituting this into equation (2.8), we have 
(0 
5,1(0) N 
2ARA(rW (0))Bµ1 -1+ (1 - 2ARA(rW ))202Qi ) 
2rOARA(rW (0)) 
r (µl - ARA(rW (0))B(7i ). (2.11) 
Comparing with equation (1.12), (for T= 1), we can see the consistency between 
two equations (note that the constant ARA for the exponential utility function). 
2.1.2 Approximate Pricing with Taylor's Expansion II 
In this part, let us rewrite the investor's utility function as 
U(W (1)) = -e-ow(i)9(W (1)), 
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where a is a constant coefficient and g(w) is defined by 
g(w) :_ -e"U(w). (2.12) 
Applying Taylor's expansion with it, it yields 
g(W(1)) tig(rW(0))+g'(rW(0))(W(1)-rW(0)), (2.13) 
where 
g'(w) = -ae°'U(w) - e"U'(w). (2.14) 
If we only consider the first order Taylor expansion in equation (2.13), we will have 
U(W (1)) ý- -e''w(1)g(rW (0)), 
then we obtain that 
U'(W(1)) -ae-«n'(1)g(rW(0)), and U"(W(l)) -- cx2e-'j"t'(1)g(rW(0)). 
Note that, from the expressions of U'(W (1)) and U"(W(l)), we obtain that 
U"(W (1)) ate_ '(1)9(rW (0)) E[ARA(W (1))] =E- U'(W (1)) ~E ae_aw(i)9(rW (0)) = 
a. (2.15) 
Rewriting the expected value of the investor's utility, we obtain that 
E[U(W (1))] ý- -g(rW (0))E[e-ai'v(1)]. (2.16) 
Recall that 
W (l) = rW(O) -{- O(Sl - rSl(0)) = rW (0) + 0(µ1 + cr1Z - rSl(0)). (2.17) 
Let us define 
µW(1 := E[W (1)] = rW(O) + µ1O - OrSi (o), 
and 
aw(l): = Var(W(1)) = 02Q1. 
Thus 
E[e-aw(')] = exp {- aµw(i) +1 a2aý2, y(1) (2.18) l 
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Taking (2.18) into equation (2.16), we have 
E[U(W (1))] -g(rW(O)) exp 
{- 
apw(i) + 2a2Uw(1) 
-g(rW(O)) exp - a(rW (0) + µ1O - OrSi(0)) +1 a2O2QII. 19) 
Differentiating the above expression with respect to 0 and setting it equal to 0, we 
get 
-a(µi - rSl(0)) + a2Oo . '; 0, 
thus the price of the asset at time 0 is 
Si (0) ~ 
1(µl 
- Oc cr ). (2.20) r 
From equation (2.15), with the Taylor expansion, we can write 
a= E[ARA(W (1))] 
ARA(rW(O)) + ARA'(rW (0))(E[W (1)] - rW(O)) 
= ARA(rW(O)) + ARA'(rW (0))[9(/cl - rSl(0)) - rW(O))], (2.21) 
where ARA'(rW(O)) is the first order derivative of ARA(rW(O)). Differentiating 
the expression of ARA gives 
ARA'(rW (0)) = 
-U'(rW (0)) U'(rW (0)) + U"(rW (0))U"(rW (0)) 
U'(rW (0))U'(rW (0)) 
U(rW (0)) 
+ ARA(rW (0))Z. (2.22) U'(rW(0)) 
From equation (2.20), (2.21) and (2.22), we obtain that 
1µl -ARA(rW(0)iO - it1ARA'(rW(0)©2Qi sl(0) N (2.23) 
r1- ARA'(rW(0))92Q2 1 
Now let us consider the second order Taylor expansion of equation (2.13), thus we 
obtain that 
U(W (1)) : -e-""'(l) 
[g(rw(o)) 
+ g'(rW (0)) (W (1) - rW (0)) . 
By differentiation, we obtain that 
U'(W (1)) ,: ae-'W(' (g(rW (0)) + g'(rW (0))(W (1) - rW(O))) - g'(rW (0))e-aWl), 
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and 
U"(W (1)) = -ate-cki"v(1) (g(rW (0))+g'(rW (0))(W (1)-rW (0)))+2ag'(rW (0))e-«w(i) 
Thus 
U"(W(1)) 
N 
a(g(rW(0)) + g'(rW(0))(W(1) - rW(0))) - 2g'(rW(0)) ARA(W(1)) =- U'(W(1)) a a(g(rW(0)) + g'(rW(0))(W(1) - rW(0))) - g'(rW(0)) 
(2.24) 
Observing equation (2.24), we can see that, the value of a is very close 
to ARA(W (1)). To simplify the calculation process, we just assume that 
a .^ ARA(W(1)). 
With the second order Taylor expansion of equation (2.13), the investor's 
expected terminal utility function follows 
E[U(W (1))] = -9(rW (O))E[e-aw(')] - 9'(rW (O))(E[e-'W(')W(1)] - rW (O)E[e" 
p) 
Differentiating equation (2.18) with respect to a, we obtain 
E[W(1)e-'w(')] = (µw(i) - aQ2y(1)) exp - aIlw(1) +1C, 
2Q2y(1) (2.26) 
So the investor's expected utility is 
E[U(W (1))] ~- 
[(rw(o)) 
+ 9' (rW (O)) 
((JLw(1) 
- auw(, » - rW (0) 
x exp - aµw(1) + 
2a2er2 
_- g(rW (0)) + g'(rW (0)) (µ1B - OrS1(0) -c O2ai) 
x exp - cr(rW (0) + µ1B - OrSl(0)) + 
Za202Qi 
. 
(2.27) 
To obtain the optimal expected terminal utility, we differentiate equation (2.27) 
with respect to 0, it yields 
dE[U(W (1))] 
9'(rW (0))(µi - rSl(0) - 2aOQ21) - [g(rW (0)) + 9'(rW (0))(µie dB 
-BrSl(0) - ä92a)](-a(µ1 - rSl(0)) + a29Qi) 
x exp - a(rW (0) + 1.110 - BrSl (0)) +2 a202a . 
(2.28) 
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Setting it equal to 0, we obtain that 
caOg'(rW (0))(µi - rSl(0))2 + (-g'(rW (0)) + g(rW (0))a - 2g'(rW (0))a262vi)(µl - rSl(0) 
+2g'(rW(0))a0u, - g(rW (0))a2BQi + gl(rW (0))a3B3Q1 = 0. (2.29 
To work out the price of the asset at time 0, we need solve the quadratic equation 
(2.29), it yields 
rSi (0) µl-a0u2 
g'(rW (0)) - g(rW (0))a + (g'(rW (0)) - g(rW (0))a)2 - 4g'(rW (0))2020 
2g (rW (0))a0 
(2.30) 
2.1.3 Asymptotic Expansion 
In this section, we assume that, for S1(1) = pi + al Z(1), the price of the stock at 
time 0, Si (O) will follows the form of 
Si (0) =r (µi +o cx ), 
where a is an unknown parameter. Our target is to find the expression of a by using 
asymptotic expansion method. As we have known, the investor will always try to 
maximize their terminal utility by choosing an optimal trading portfolio, so we have 
sup E[U(W (1))] = sup E[U(rW (0) + O(Si - rSl(0)))]. (2.31) 
00 
By differentiating equation (2.31) and making it equal to 0, we obtain that 
deE[U(W (1))] = E[(S1(1) - rS, (O))v'(rW 
(O) + O(Sl - rSl(O)))] 
= E[(a1Z - aai)U'(rW (0) + 0(Q1Z(1) - aal))] 
= 0. (2.32) 
If we use Taylor expansion on U'(W (1)), we get 
U'(rW (0) + O(a1Z(1) - aQi)) 
.:: U'(rW (0)) + 6(a1Z(1) - aai)U"(rW (0)) + 0(U J'), (2.33) 
Taking this into equation (2.32), we can rewrite the equation (2.32) as 
d8E[U(W 
(1))] :E (QiZ(1) - aoi) (U'(rW(O)) + BQiZ(1)U"(rW (0)) + o(ai) 
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_ 
(OU"(rW(O)) 
- aU'(rW (0)) I Qi + o(ci ) 
= 0. 
/ 
(2.34) 
It gives us 
0 
U"(rW(O)) 
= _ARA(rW(0))O, U'(rW (0)) 
where ARA(rW(O)) is the absolute risk aversion of the investor, so the price of the 
stock at time 0 is 
Si (0) 
r(µ1 - 
ARA(rW(0))Ooi). 
We can see that it agrees with approximate price from the Taylor's expansion (see 
equation (2.11)). 
To improve the accuracy of the approximate pricing method, we will try to 
find the next term in the power series extension. Now let us suppose that the price 
of the stock at time 0 is 
Sl (0) r (µl - ARA(rW (0)) BQ1 + , Qa1), 
where /3 is the parameter we are aiming to find out. 
Thus, the first order derivative of the expected function of U(W (1)) with 
respect to ß follows 
dBE[U(W 
(1))] = E[(cijZ(1) + ARA(rW(0))ea; - perl)U'(rW(O) + 0(01Z(1) 
+ARA(rW (0))9Qi - ßo ))J 
= 0. (2.35) 
Applying the Taylor's expansion to U'(rW(O) + 9(Q1Z + ARA(rW (0))00,2 - Q0, i))l 
we will obtain 
U'(rW(O) + 0(Q1Z(1) + ARA(rW (0))BQ1 - ßßi)) 
U'(rW (0)) + O(QiZ(1) + ARA(rW (0))Oo -, üvi )U"(rW (0)) 
+282(Q1Z(1) + ARA(rW (0))B(71 - , QUi)2U"'(rW (0)) 
+10'(QjZ(1) + ARA(rW (0))6Q2 - /3Qi)3U(4)(rW (0)) + o(ai). (2.36) 
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Then equation (2.35) follows 
E[(Q1Z(1) + ARA(rW (0))Oci - ßa, l)U'(rW (0) + 0(QiZ(1) + ARA(rW 
(0))Ocr 
44 (0)) + 
gor ARA(rW (0))B3U"'(rW (0)) -ßo U'(rW (0)) + ARA(rW (0))203o U" 
-{-1 
403U(4) (TW (0)) + 0(0 , 5) 
ti 0. (2.37) 
After rearrangement, we obtain that 
/3 ARA(rW(0))203 
"( ()) 
+ 2ARA(rW(0))93 UýýýýW()) + 2B3 U(4(ýW(0))) U, (rW(0)) ( (0)) 
^i -ARA(rW (0))303 +3 ARA(rW (0))93 
U"ý (rW(0)) + 103 U(4) (rW(O)) (2.38) 2U (rW(0)) 2U (rW(0)) 
So the approximate price candidate of the asset at 0 is 
S1(0) -r (y, - ARA(rW (0))Oai +- ARA(rW (0))3 + 
3ARA(rW (0)) 
U'(rW(O)) 
C 
+1 
U(4) (rW (0)) (2.39) 
2 U'(rW (0)) 
) 
Note that, if we differentiate ARA'(rW(O)) again, we will find that the second order 
derivative of ARA(rW(O)) satisfies 
ARA"(rW(O)) -u4 
) (rW (0))U'(rW (0)) + U"'(rW (0))U"(rW (0)) 
U'(rW (0))U'(rW (0)) 
-2ARA(rW (0)) ( U'(rW (0)) - 
ARA(rW (0))Z) 
U4 ) (rW (0)) 
_ 3ARA(rW(0)) 
U"'(rW (0)) 
+ 2ARA(rW (0))3, U'(rW(0)) U'(rW(0)) 
taking it into equation (2.39), we can rewrite it as 
Sl(0) 
r (M, 
- ARA(rW(0))O - 2ARA"(rW(0))B2Q14. (2.40) 
2.2 A Mixed Exponential Utility Function 
To check the accuracy of the approximate pricing method in the last section, we will 
introduce an investor with a special mixed utility function. Since for the traditional 
exponential utility function, the Taylor series can give us an exact result for the 
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price candidate (see work in Capter 1), it is not useful to test the exponential utility 
function in this part. Based on the mixed exponential utility function, we will find 
the equilibrium price of the asset, and compare it with the price candidate from 
the approximate pricing methods obtained in the lase section. 
Recalling the simple one-period market model we introduced in the last sec- 
tion. Here we assume that the investor in the market model has a special mixed 
exponential utility function defined by 
U(w) = -k1 exp(-alw) - exp(-a2w), (2.41) 
where w is the investor's terminal wealth. 
In our simple market model, since there is only one investor in the market, 
the price of the asset will be set in such a way that the total demand for the 
asset by the investor is equal to the supply of the asset, (in this case the num- 
ber of the asset in the market is equal to 1 (u = 1)). We will work out the 
equilibrium price of the asset using a numerical methods. To do that, we are look- 
ing for the investor's optimal trading portfolio which can maximize their utility first. 
Let us assume that the initial wealth of the investor at time 0 is W (O), then 
the wealth of the investor at time 1 is 
W (1) = W(O)[r + P(S1(0)-1(1cl + Q1Z) - r)], (2.42) 
where P is the proportion of wealth invested in the asset. Thus from equation (2.41) 
and (2.42), the expected terminal utility of investor is 
\2 
E[U(W (1))] = -kl exp 
[_alW(O) [r+P(5110) 
- r) + 
Za4W 
(0)2P2 
S 
a1 ß)2 
2 
- exp 
[_a2w(o)[r+P(_/11 (Si 
(o) -r -I- 2 a2W 
(0)2P2 
S 
ýý)2 
To optimize the expected terminal utility of the investor's, we differentiate it with 
respect to P and make it equal to 0, then it yields 
OE[U(w)] 
= kl 
[aiW(O)(S (o) - r) -o W(O)2PS (0 2 
1()I 41 
(2 
xexp{ -a1W(0)[r+P(S 
ý0) 
-r)] -i- 2aiW(0)2PZS (Uo)21l l 
+ 
[a2 
W (0) 
Si 
(ý0) r) - a2W (0)2P S, 1 2 () 
(2 
x exp {- a2W(0)[r+ P(S1(0) - r)] + 2a2W(0)2P2S ll l(0)2 
= 0. (2.43) 
In order to solve out the optimal proportion of investor's wealth, we will apply the 
Newton-Raphson method with equation (2.43). The Newton-Raphson method uses 
an iterative process to approach one root of the function, and the specific root that 
the process locates depends on the initial, arbitrarily chosen value Parb. Let's define 
F(P) as a function of P 
_ 
UUE[U(w)] F(P) . C9 P 
Finding the optimal P is equivalent to find the roots of function F(P). If we choose 
an arbitrary value, Parb, as the current known root of the function, then 
Pnew = Pain - 
F(P) (2.44) 
F'(P)' 
where P,, ev, is the next root of function F(P) we are trying to find, and F'(P) is 
the first derivative of F(P) at P. 
Let us define that 
/ ý2 Pal := -a1W (0) r+PI S111(10) - r) 
I+ 
2a1W 
(0)2P2 
SlO 0 z' 
and 
Paz -a2W(0) 
Ir 
+P S (0) -r + 2a2W(0) 
)] 1 z 2Pzs ýý)z 
Then the first order derivative of equation F(P) is, 
F'(P) 
{_cW(O)2(5) 2 
_r) 
Qz 
- aiW (0)2 S1(Ö)2 
+2a3W(0)3PS1()z S (0) -r- a4W(0)4Pz 
ý4 
S1(0)4 x exp(Pll) 
-F a2W (0)z rl 
(Sl(O) 2z 
azW (0) zQ Sl z 
+2a2W(0)3PS1()z 
5110 () - r1 - 04W(0)4P2 
/ 
ý4 
Sl 
ö4x 
exp(Pa2). 
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Figure 2.1: Relationship Between Wealth and Equilibrium Price (al = 1, a2 = 2, 
ki=1) 
Thus together with equation (2.44), we can work out the investor's optimal 
proportion of wealth invested in the asset. 
As we have assumed at the beginning of this section that there is only one 
investor in the market, thus the number of units held by the investor should be 
equal to the number of units of the asset in the market. The price of the asset 
therefore depends on both the investor's wealth and the proportion of wealth 
invested in the asset. As we have known, in an equilibrium market model, the 
supply of the asset is equal to the demand of the asset, which implies 
W(O)P u- Sl (O) 
such that the price of the asset follows 
Sl(O) = 
W(O)P. 
u 
Figure 2.1 shows that the relationship between the investor's initial wealth and 
the price of the asset, we can see that the price will increase as the investor's 
wealth increases. Figure 2.2 gives us the relationship between the price of the asset 
and the number of units in the market, with other things fixed in the model, it 
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Figure 2.2: Relationship Between Equilibrium Price and The Number of Unit 
shows that the price will decrease approximately linearly as the number of units 
of the asset increase. This is true because of the Davis price (Davis (1998), Rouge 
and El-Karoui (2000)) is used. In Figure 2.3, we give the relationship between 
the wealth and the asset price for different a and a2. We can also see that the 
relationship between the price of the asset and the investor's initial wealth if the 
investors can borrow money with a risk free interest rate. Figure 2.4 shows the the 
asset price changes as the change of ki in the investor's utility function. Figure 2.5 
gives a scatter plot for ARA and the asset price. We can see that the price of the 
asset has an approximate linear relationship with ARA. 
Recalling four different approximate price based on different power expansion 
methods (equation (2.11), (2.23), (2.40) and (2.30)), we will check the consistency 
between these approximate prices and the equilibrium market price we obtained 
in this section. We give the contour plot for different approximate price candidate 
and the real price in Figure 2.6, where graphs (a), (b), (c) and (d) are from the 
approximate pricing equation (2.11), (2.23), (2.40) and (2.30) respectively. We 
can see that the first three approximate functions give an approximation very 
well. This shows that the approximate pricing methods from the first order Taylor 
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mean=4, sigma2=1, r-1, wealth=4, alphal=(0.2,4) 
m N 
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Figure 2.5: The Scatter Plot for ARA and The Equilibrium Price 
expansion and the asymptotic expansion methods give a very good approximation 
to the equilibrium price of the asset. The problem of graph (d) (the second order 
Taylor expansion method) is mainly because that a is not equal to ARA(rW(O)) 
or E[ARA(W (1))) as what we have shown from equation (2.24). 
2.3 Conclusion 
In this chapter, we investigate several approximate methods based on the application 
of power series expansion with the coefficient of the absolute risk aversion. To check 
the correctness of the approximate pricing methods, we solved out an equilibrium 
market price numerically in a simple market model, in which there is an investor 
with a mixed exponential utility function. Comparing the price candidates from the 
approximate pricing methods with the market equilibrium price, we find that most 
approximate pricing methods can give us an acceptable results as an equilibrium 
market price. 
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BLANK IN 
ORIGINAL 
Chapter 3 
Preliminaries for Martingale 
Approach 
In this chapter, we will start working in a continuous-time model. We will introduce 
some general ideas for pricing financial instruments using the martingale approach, 
see Karatzas and Shreve (1998) and the references therein, and the results which 
we obtained in this chapter will facilitate the development of later material. 
We will generalize some important concepts of no arbitrage, self-financing 
trading, state price deflators, and so on. We shall start by setting up a continuous 
time financial market model and presenting some valuation theories in a standard 
financial market. We then introduce utility functions and their convex dual 
functions. Finally, we will introduce how to maximize the investor's utility by using 
the convex dual function in an incomplete market model. 
3.1 Market Model Setup 
Let us begin with a complete probability space (SZ, F, P) on which is given a 
standard Brownian Motion {Wt }o<t<T, (i = 1, ..., N). We could interpret Ft as the 
information available to investors at time t, and define IF = {2 }t>o. 
Let S° denote the price process of a risk free asset in the market. If we de- 
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note by rt the instantaneous risk free interest rate at time t, where r is IF-adapted, 
then S° is the solution to the Stochastic Differential Equation (SDE) 
dS° = rtS°dt, Vt > 0, 
Equivalently 
( /'t l 
S° = exp {J rtdt 
lo JJJ 
with So = 1. 
dt>0. 
(3.1) 
(3.2) 
Clearly S° is continuous, strictly positive and 1F-adapted on [0, T]. 
Next we let St, (i = 1, ..., N), denote the price process of N risky assets. 
We 
assume that 
dSt = St[/12dt+QidWW], `dt > 0, i=1,..., N, (3.3) 
where pi is the drift and o is the volatility of the asset which reflects the sensitivity of 
the price to the exogenous risk. We also assume that pi and o are F-adapted. Thus 
the asset model in the market can be defined as St := (Si, ..., Sr). Let us 
define a 
stochastic process St satisfying the following stochastic differential equation 
dSt = St (µadt + cxa. dWf ), and So = 1, (3.4) 
where µn and as are respectively the drift and volatility of asset, and {Wt} is a 
standard Brownian motion independent of W, 4. In this Chapter, we also assume 
that pi and v;, (i = 1, .., N, a) are constants. The stochastic process Sz represents 
the price at time t of a future pension annuity. The annuity is generally not 
considered to be tradable in the market, but the investor can hold it as a future 
pension scheme to satisfy his future terminal utility. From this chapter onwards, 
we will use it as a numeraire asset, (which measures the worth of different assets 
relative to one another) such that the investor will maximize their terminal utility 
based on the annuity asset. 
Let (x, ht) be a portfolio process, where x is the initial wealth of the in- 
vector and ht = (h°, ..., ht 
), for t>0 represents the investment portfolio process 
from 0 to t. To be precise, h° denotes the number of risk free asset held by the 
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investor and ht, (i = 1, ..., N), the number of risky assets 
held by the investor. We 
assume that ht, (i = 0, ..., N) is a predictable process. 
DEFINITION 3.1.1 (WEALTH PROCESS) The wealth process Xi of a trading strat- 
egy It is given by the equality 
i=N 
Xt = htSt = h'St, (3.5) 
i=o 
where prime denotes transposition. 
We also define the proportional portfolio process of asset i as 
hesi N 
ýt = Xh , so 
that E iri = 1. (3.6) 
t i_o 
This denotes the proportion of the investor's wealth invested in asset i. 
DEFINITION 3.1.2 (SELF-FINANCING) A trading strategy is said to be self- 
financing, we write ht E sf (s), if it satisfies 
N 
dXt = htdSt, and Xo = X. (3.7) 
=o 
This implies that, at any instant time t, the portfolio process is rebalanced in such 
a way that there is no infusion of funds and no money is withdrawn from it. For a 
self-financing trading strategy, the investor's wealth process at time t is 
Xt =x+ 
It 
htdSt, (3.8) 
0 
where x is the investor's initial wealth and is equal to Xo . We assume that the 
integral in equation (3.8) is well defined. It is well known that a sufficient condition 
(see Musiela and Rutkowski (1991)) for this is that 
at)2dSt < oo = 1. In P (l 
The equation can be interpreted as the wealth of investor at time t is equal to the 
investor's initial wealth plus the gains from the portfolio process. 
DEFINITION 3.1.3 (ADMISSIBILITY) With an initial wealth x, a portfolio process 
ht is said to be admissible at x, we write ht E A(s), if ht E sf (x) and the wealth 
process satisfies 
Xi >0a. s. Vt > 0. (3.9) 
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In the following proposition, we let St be the new numeraire, and show that the 
self-financing portfolios will remain self-financing after a numeraire change. Suppose 
that St is almost surely strictly positive for each t>0 
d. k = htdSt, (3.10) 
where 
h Xt i Si Xt =, and St =Q Sta St 
This implies change of a numeraire will not change the property of self-financing 
which is well-known as the numeraire invariance. In the following part of the thesis, 
we will use the notation "" indicating discount with the numeraire St a. 
DEFINITION 3.1.4 (ARBITRAGE OPPORTUNITY) An arbitrage opportunity in the 
market is a self-financing strategy ht such that Xo = 0, XT > 0, ? -a. s. and )F(XT > 
0)>0. 
The existence of arbitrage opportunity implies that, without risking money, there is 
a possibility to gain money. 
DEFINITION 3.1.5 Let us define a stochastic process Zt, which will play the role of 
a state price deflator. We define Zt to be the solution of the following SDE 
N 
dZt = Zt[Ao(t)dt + Ai(t)dWt], with Zo = 1, (3.11) 
i=1 
where Ai, (i = 0,..., N) is time deterministic processes and satisfies 
j: oo 
\ (S) 2CIS < 
and assuming Novikov's condition is satisfied 
E exp 
fT 
a, (s)2ds < 00 
0 
For any discount price process Si of a tradable asset in the market, we define a set 
of price process 
.M 
(St) = {Zt : ZtSt, (i = 0,..., N) is ? -martingale}. 
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Note also that Zt >0 for all t. This is important because if X is a attainable 
contingent claim in an arbitrage free market, then, according to the traditional 
fundamental theorems of asset pricing, an arbitrage free price for X is given by 
Xo = EE[Z 
fr ]. (3.12) 
For example, if the event {Zt < 0} is non-null, then considering a contingent claim 
C= 1{zt<o}, then it is easy to see that the price of C at time 0 is less than or equal 
to 0 (Co = Ep[ZtCt] < 0), which will give an arbitrage opportunity in the market. 
DEFINITION 3.1.6 For an investor working on time T>0, we define the investor's 
relative terminal wealth as 
h C"=XT, 
and 
N(x) = 
{XT 
: ht E A(x)}. 
3.2 Utility Function and Convex Dual Function 
In economics, utility is a measure of a consumer satisfaction gained from services 
and their wealth, so an investor will always desire to maximize their utility. In this 
section we will introduce the properties of the utility functions and the convex dual 
of utility functions. 
DEFINITION 3.2.1 (UTILITY FUNCTION) A utility function is a concave, nonde- 
creasing function U: R --> [-oo, oo), which is continuously differentiable, and the 
first order derivative of utility function, U', is continuous, positive and strictly de- 
creasing on interior of dom(U), and also 
U'(oo) °l im U'(x) = o. 
Let us set 
and define 
Ainf {x E R; U(x) > -oo}, (3.13) 
U'(--{-) := lim U'(x), 
X-2 
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so that Ul(x+) E (0, oo]. 
If U is a function with T, then the strictly decreasing, continuous function 
U' : (x, oo) --ý (0, U'(2+)) has a strictly decreasing, continuous inverse function 
I: (0, U'(2+)) -º (2, oo), and I(y) =x for U'(2+) <_ y< oo. Thus I is a finite and 
continuous function on (0, oo]. 
DEFINITION 3.2.2 Let U be a utility function. The convex dual of U is a function 
Ü(y) sup{U(x) - xy}, yER. (3.14) 
xER 
LEMMA 3.2.3 (Rockafellar(1970)) The function U: R -* (-oo, co) is convex, non- 
increasing, lower semincontinuous and satisfies 
1. 
U(y) = U(I(y)) - yI(y), for y>0, 
U(y) = U(oo) = lim U(x), for y=0, 
Ü(y) = oo, for y<0; (3.15) 
2. ForallxER, 
U(x) = inf{U(y) +xy}. 
(3.16) 
'YER 
Proof. c. f. Rockfellar (1970), Theorem 12.2.13 
LEMMA 3.2.4 If a self-financing portfolio process ht is admissible (Ii E A(x)), then 
we have 
N(x) C {( E L° : E[ZTC] < x, VZ E M}, 
= {(EL°: E[ZT((-xS'T)]<0, VZE. M}. 
Proof. Differentiating the product of Zt and S, we obtain that 
d(Z S) = Xt dZt + Ztd k+ dZtd5 
NNN 
_ý 1itSTdZt + Zt E htdSt + dZt E It' St 
(3.17) 
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ýM' `t 
^'ýý a. 
N 
_ litd(ZtSt). (3.18) 
i=o 
Because we have known that ZtSt, (i = 0,..., N), is martingale, ZtXt is a local 
martingale under Q. Because Zt5C > 0, it is bounded below. Hence it is a super 
martingale as well, because of the admissibility of /it, tat E A(x). Therefore we have 
E[ZT(] < Zox = x. (3.19) 
This is the so-called budget constraint. Thus we will obtain that 
E[ZT(C - xST)] = E[ZT(] -x<0, (3.20) 
because ZtS° is a martingale, ZOO =1 and So = 1. 13 
We assume that, at time T, the investor will retire and he will have a terminal wealth 
XT, which they can use to buy an annuity with XS pound payment per annum for 
their remaining lifetime, thus we obtain the following primal problem. 
PRIMAL PROBLEM 3.2.5 For an investor with initial wealth x, the primal problem 
is to find a optimal portfolio process ht and an optimal terminal wealth C, such that 
h 
u(x) := sup EU 
XT 
= sup E U(ff) (3.21) 
htEA 
[(ST)] 
sEN 
to maximize the investor's terminal utility based on his future pension annuity, SS. 
Rom the Definition 3.2.2, we know that 
U(C) : Ü(yZT) + YZTC, 
so for (E N(x) 
E[UýC)] E[U(yZT)] + IJE[ZTC] 
< E[Ü(YZT)] + yx, (3.22) 
because of equation (3.19). 
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REMARK 3.2.6 Note that the Merton's problem (see Merton (1969) (1971)) can be 
seen here also as the hedging problem of a non-tradable contingent claim with payoff 
B=ST attimeT 
sup E[U(B - XT)]. h 
This problem has been largely studied in the literature (i. e. Becherer(2001), 
Davis(2006)). For a lot of these papers, the ultimate objective is to find a fair 
price of the contingent claim at time 0. Since we are trying to maximize the in- 
vestor's utility over their pension annuity ST at time T, we can see the difference 
between the primal problem and the Merton's problem. 
If we suppose there exists an optimal Zt which satisfies 
Zt ý-º min E[U(YZT)], ZtEM 
and also there is a portfolio process h which reaches the investor's terminal wealth 
C which is optimal for the primal problem, then we could solve the primal problem. 
DUAL PROBLEM 3.2.7 Let us define the dual problem as 
v(y) := Zmnl E[U(yZT)]. (3.23) 
The following gives us a series of commonly used utility function 
Power utility function U(X) =1 X^I, 'y <1 and y; 0, y<1 
exponential utility function U(X) exp{-aX}, 
log utility function U(X) = log X, when 7=0.5. 
Here, the constants -y and a are risk aversion parameter. The convex dual of U(X) 
are 
Q 
For power utility function CT (y) _ 
(where 
Q 1-ry 
For exponential utility function U(y) =I In 
IL 
-1 a\ a 
For log utility function U(y) _- logy - 1. 
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3.3 Utility Maximization 
In the above sections, we have introduced the Primal Problem 3.2.5, the Dual prob- 
lem 3.2.7 and the investor's budget constraint in Lemma 3.2.4. To work out the 
investor's optimal wealth process, we need firstly to find an optimal Zt so that it 
can solve the dual problem; then, with this Zt, we need to solve the primal problem 
with the budget constraint. A well known method to solve this kind of constraint 
optimization problem is Lagrange Method. If y>0 is a "Lagrange multiplier" that 
enforces the budget constraint, then the primal problem reduce to the unconstrained 
maximization of 
E[U(C) + yZT(xST - ()] = E[U(()] + y(x - E[ZTCI )" (3.24) 
According to the definition of the convex dual of utility function, we obtain that 
E[U(C) - YZTC] < E[Ü(yZT)], (3.25) 
the equality will be held, if and only if 
C= I(YZT), (3.26) 
because of equation (3.14) and Lemma 3.2.3. 
Let us define a function 
X(y) := E[ZTI (yZT)], 0<y< oo. (3.27) 
To determine the value of y for which Xh satisfies the budget constraint with equal- 
ity, let us introduce the following Lemma. 
LEMMA 3.3.1 (Karatzas, 1998) 1(. ) is a nonincreasing, so is X(. ), and strictly 
decreasing on (0, s), where X (0+) = limylo X (g) = oo and X (oo) = limy-.. X (y) _ 
E[Ztx], and where 
x= inf{x ER: U(x) > -oo}, 
s=sup{y>0: X(y)>X(oo)}>0. 
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In particular, the function X (. ) restricted to (0, s) has a strictly decreasing inverse 
function y: (X(oo), oo) --> (0, s), so that 
X(y(x)) = x, dx E (X(oo), co). 
Proof. c. f. Karatzas (1998), Lemma 6.2. 
Thus, clearly, y= Y(x) is the only value so that C satisfies the budget constraint 
with equality. Thus, for all xE (X(oo), oo), we obtain a candidate optimal terminal 
wealth 
C= I(Y(x)Zt), 
and we also have 
(3.28) 
E[ZT(] = X(y(x)) = x. (3.29) 
3.4 Conclusion 
In this chapter, we construct a market model with a risk-free cash account, risky 
equity assets and a non-tradable pension annuity asset. We generalized some im- 
portant definitions and theorems about martingale asset pricing method, such as, 
self-financing, admissibility, etc. In the following chapters, we will apply them in 
some specific cases to solve the Primal Problem 3.2.5 and the Dual Problem 3.2.7. 
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Chapter 4 
Martingale Approach in 
Continuous Time Model 
In this chapter, we will focus on the martingale approach which has been widely used 
by financial engineers (Matek (1998)). In this chapter, we will use the martingale 
approach to solve the Primal Problem 3.2.5 and the Dual Problem 3.2.7. We start 
by constructing a simple financial market, and then we will try to work out the 
investor's optimal wealth which can maximize their terminal utility. We will also 
consider the investor's related portfolio process and the effect when a new asset, e. g. 
a longevity bond, is issued in the market. 
4.1 An Incomplete Market Model 
In the last chapter, we have introduced a general financial market model, in which 
there is a risk free asset S°, N risky assets St, (i = 1, ..., 
N), and a pension annuity 
St'. To make life easier, we set N=1 in this chapter, thus we obtain the following 
asset models 
= Bert, 
1 St = So exp (lei -1 U2)dt + Q1dW 1, 
1 St = So exp (/1a + 2Qä)dt + cra, dWt (4.1) 
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where r is a positive constant representing the risk free interest rate, p (respectively 
µQ +U al 
this help us simplify the later calculations) is the the rate of the return 
on the risky asset (respectively the annuity), and of is the volatility of the assets 
(i = 1, a). 
Note that the market model we constructed also highlights the following fea- 
tures: 
" an initial premium x for a future pension scheme will be paid by a policy 
holder at time 0. There are two assets, one risk free and one risky, available 
for investment. At time T, the terminal wealth of the investor will be used to 
buy a pension annuity; 
" since the terminal wealth will be used to buy a pension annuity, we will use 
the annuity asset St as a numeraire of the investor's terminal wealth, so that 
we can maximize the pensioner's future pension scheme by maximizing their 
terminal wealth relative to the cost of annuity; 
" the annuity asset cannot be traded in the market. 
The first two features are straightforward to deal with and do not cause any 
particular problems, while the third feature implies that the market is incomplete 
because of the non-tradable property of the annuity and so gives rise to the 
qualitatively different results from the complete market case. 
If we let lit = (h°, ht )t>o be a self-financing portfolio process, then the wealth 
process of ht satisfies 
dXt = h°dS° + ht dSt . 
(4.2) 
To solve the Primal Problem 3.2.5, we deal with Sz as a numeraire, thus we define 
a new state process Xt = Xt /St . Under this numeraire, the discounted price 
processes for S° and St are given by 
1) S° = 
Sä 
= So exp r 
(µa 
-i- ýä t-U. Wt , St 
i 
St = 
St 
= So exp 
[(/11 
- Pa) -2 ýQ1 + Qa) t+ aiWt - QaWt , 
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St = 1. (4.3) 
Equivalently 
dS° = (r-µa)S°dt-QQS'OdW?, 
d5t = (µl - µ, )S dt + ulSt dWt - uSt dWt , 
dSt = 0. (4.4) 
Recall from the Definition 3.1.5 that a state price deflator Zt EM (S°, St) is an Ito 
process which satisfies the SDE 
dZt = Zt(Aodt + AidW' + AadWt ), (4.5) 
where we assume that A0, Aj, Aa are constants in this case, and such that ZtS° and 
ZtS' are martingales. With the application of Itö's lemma to the product of , 
St and 
Zt, we obtain that 
d(Zts°) = [r -/a+ 
Ap - Qaaa]ZtS°dt - cTaZtS°dWt 
+AjZtS°dWt + AaZtS°dWt , 
d(Zt5t) _ [(111 - lta) + ÄO + \1Q1 - Aa(Ja]ZtSt dt 
QiSt ZtdW' - QaSt ZtdWW + A1ZtSt dW 1+ \Zt dWt , 
d(ZtSt) = Zt40 (Aodt + A1dWt + AadWW ). (4.6) 
Until now, we can set up our model in two forms: 
1. Complete Market 
In this case, all assets are tradable, so the number of the random sources is 
equal to the number of the tradable risky assets. Thus we stay in a complete 
market, and the drift terms in each of the expressions d(ZtSt), (i = 0,1, a), 
are equal to zero according to Definition 3.1.5. In this case, we will have 
Ap = 0, Al =r- 
µl Aa =r- µa (4.7) 
Q1 Qa 
such that Zt becomes a martingale process. We can use it to construct an 
equivalent martingale measure Q. If the risk free asset is used as a numeraire, 
we obtained the well-known risk neutral measure, which is unique because 
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of the completeness of the market. In this thesis, we choose St" as a new 
numeraire, such that the price of the new asset is just the discounted expected 
value under Q, which is simply: 
S, 
t = Eý ILSI. Ft] tT 
i. e. 1=1! This leads to a question for us: What is the interest of choosing St 
as a numeraire compare with the risk free asset? This is mainly because the 
investor in the market would like to maximize their utility from the annuity 
asset, so we choose the annuity asset as the numeraire. 
2. Incomplete Market 
In our primal problem, we assumed that the pension annuity St was a non- 
tradable asset. This will mean that the market model is incomplete, since the 
number of the random sources exceeds the number of tradable risky assets. 
Thus only ZtSi, (i = 0,1) are martingales from Definition 3.1.5, so the drift 
terms in these two equations must be equal to 0, which yields 
7'-/La+ \o-OaAa=0ý 
(111 
- µa) 'i" Ao + 
A1Q1 - XaQa = 0. 
This gives us 
r- µl Aa = r-Ila+1\0 (4.8) 
Q1 Ora 
REMARK 4.1.1 Comparing the two different cases (see equation (4.7) and (4.8)), 
we find that al has the same value for each case, which is the market price of risk 
for asset 1 and the change of numeraire does not have an impact. This is mainly 
because of the independence of the risk factors inherent in the risky asset and the 
annuity asset. The change of as will depend on A0 and Qa. 
REMARK 4.1.2 In the standard complete market case, we know that Zt is a mar- 
tingale (Ao = 0). In this case, Zt is the density process of an equivalent martingale 
measure Q. The value of the portfolio process at time 0 is just the expected discount 
value of the future portfolio process under Q. But in the incomplete model, Zt will 
not be a martingale anymore, because of the non-tradable property of the numeraire 
a t. 
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REMARK 4.1.3 Note that the asset St is not tradable before time T. However the 
investor's utility is derived from the number of units of the annuity which can be 
purchased at time T. In the following part of the thesis, we will focus on the second, 
the incomplete market case. 
In the next section, we find an optimal Zt which solves the dual problem, and then 
we find the optimal wealth process maximizing the expected terminal utility of the 
investor and the related portfolio process. 
4.2 Optimization Problem with Power Utility 
Function 
To optimize the investor's terminal utility, we can use either exponential utility 
function or power utility function. Here we use power utility function for illustration. 
With the incomplete market model, let us assume that an investor has a power utility 
function 
U(x) = ry , 
where ry is the risk aversion parameter and ry < 1. We are trying to solve the primal 
Problem 
sup ET UX 
ht EA ST 
which is similar as Merton's problem (see Remark 3.2.6). 
THEOREM 4.2.1 For the investor with a power utility function, the primal problem 
is solved by the optimal trading strategy 
o ji1-r 1 u1-r (4) ýt -1-a (l-'Y)' art ai(1-ry), .9 
with investor's optimal terminal wealth (in units of SS) 
\x 
exp r- µa 
1- 2yy (/11 - r)2 
-1 U2 T+ 
µi -r Wi C= -I- 2(1 -y)2 ai 2a (1 - ry» 
-a1WT , (4.10) 
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and the dual problem is solved by the optimal stochastic process which satisfies the 
SDE 
-}- 
r 1.11 dW 1+ Qa(1 - ry)dWt . 
(4.11) dZt = Zt 
I(U2(1 
- ry) + iia - r) dt a-1 
We devote the reminder of the section to the proof of the Theorem 4.2.1. Let us 
start by finding the optimal process Zt which solves the Dual Problem 3.2.7 
v(y) = Zinf 
E[U(yZT)}. 
For an investor with a power utility function, the convex dual of the utility function 
is 
Now 
Y-a U(Y) =0 
E[U(yZt)] _E 
Ii 
(yZt)-a 
_ y-QE[Zt R] 
_ y-, 
OE 
[exp 
-ß A0 - 
2(, 
\1)2 
2(%a)2 
t- Pi11W1 - 
ßAaWt 
=1 y-Q exp -ß Ao - (, \1)2 - (Aa)2 t+ 
1(ßA1)2t 
Q22 
+I(Q. Aa)2t . 
(4.12) 
Substituting in the formulae (4.8) for the drifts Al, as gives 
t E[U(yZt)] = 
Y_a 
exp - ,ß[, XO -1(, 
r -1,1 
2 (r - µa + Äo)2 
Q Q1 Qa 
2z 
+2 ßr µi t+2 
(ßr _ /l + \o t 
j. 
(4.13) 
1 
Differentiating the above expression with respect to A0 yields 
dE[Ü(yZt)]J 
_ i-Q- l+r 
- /µa+, \o+ ßr -/la-_'_o d. \o u2 Q1 
1 r-µl 21r -µa+Aoz xexp -, Q ao-2( -2 t 01 a 
2t 2 
+2 
ßr _ 
_µi 
+2 ßr E2 +\o t 
j. 
(4.14) 
1a 
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We can therefore minimize the expression (4.13) by setting 
Xo= =Qa(1-'y)+(µa-r). (4.15) 
Hence together with equation (4.8) 
Aa = a, (1 - ry). 
Substituting these drifts into (4.11) gives 
dZt=Zt (a (1-y)+Ja r)dt+r 
Al dW1+0a(1-ry)dWt 
L 
or equivalent 
1 
Zt = exp 
[a(1_)+a_r_2 ((r 
ý2 
1) +Qä(1-ry)2 t+r - 
ýIII 
Wi+cJa(1-'Y)Wt 
i 
(4.16) 
which is an optimal state price deflator process solving the dual problem. 
Next, we search for a candidate for the investor's optimal terminal wealth 
(i. e. solve the Primal Problem 3.2.5 we introduced in Chapter 3). From equation 
(3.28), the candidate for the investor's optimal terminal wealth is given as 
C=I (Y(x)ZT), 
where I(. ) is the inverse function of U'(. ), and y(. ) is the inverse function of X(. ), 
(X(. ) = E[ZTI(yZT)]). 
For the agent who has a power utility function, the inverse of its first derivative is 
I(y)yT 
We also know that 
X(y) = E[ZTI (YZT)] 
ýý-1 E[ZTQ], 
then the inverse of X(j) is 
y-1 
Y(x) . 
(E[zßl) x (4.17) 
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Therefore the investor's candidate optimal terminal wealth is 
C= 
E[Z-, 3] 
(ZT) 
T 
exp \")2IT - 11ryAIW1 -1 
AaWT 
lT 
1-ry 
exp j- ß[A0 -2 (al)2 -2 (Aa)2]T +2 (ßA1)2T +2 (ßAa)2T} 
= xexp - 
fAo 
-1 22 
(1 - 02)(A1)2 - 
1(1 
- 02)(Aa)21 
-11 
ryi11WT 
.11 
ý\aWT1,4.18) 
The expected optimal terminal utility of the investor is 
x'1E[ZTa] 
_ 
-yE[ZTp]7 
( (1-7) 
_y 
ýE 
exp 
2 
al)2 -2 (Aa)s 
IT 
ry 
- , 
Qa1WT - QAaWT 
l 
7 
=x exp - ry 
[, 
\o -2(, \1)2 -2 \a)2 T+ y/3A T+ 2yß T 
ry 
=x exp - ryAOT + 2Q(A1)2T +1 P(Aa)2T " 
(4.19) 
7 
Taking the expressions of A0, al, Aa into equation (4.18) and (4.19), the candidate 
terminal wealth follows 
1-2ry (r-µl)2 1Z r-/11 WT' x exp r- µa -I- 2(1 _ y)2 a2 
2Qa 
)T- 
(1 - -y)t7i 
_Q1WT , 
(4.20) 
and the expected value of the investor's optimal terminal utility is 
7 
EýU(C)ý _ ý, exp 
{_YAoT 
+ ß01)2T + 2ß(Aa)2T 
7 1 
ýQ(r 
/11)2T + 0(°a(1-Y))2T = exp 
{_(a(1-'Y) 
+ µa - r)T + ry 2 Ql 2 
72 
= 
ry 
-exp 
2ýQ(1 2, 
Q 
(r 
U2 
T. (4.21) 
Until now, we have obtained the optimal state price deflator Zt which solves the 
dual problem and the candidate optimal terminal wealth which satisfies the primal 
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problem. If we can find an admissible portfolio process ht, such that XT = ý, then 
it follows that ( is the investor's optimal terminal wealth. 
To find an optimal portfolio process, it is possible to construct the wealth 
process by forming the martingale Mt = E[ZTcI11t] and showing that Alt = ZtXt 
for some lit E A. Because KIt is a martingale, according to the martingale 
representation theorem (Williams (1991)), there exist progressively measurable 
processes 01(t), ba(t) satisfying 
rt 
j bi(u)du < oo, a, 
almost surely, such that 
Mt =x+ 
JotV)l(u)dWul 
+ 
ýt 
ba(u)dWu, (4.22) 
Jo 
or equivalently 
dAft = ip 1 (t)dW 1+ ? Pa(t)dWt , 
(4.23) 
With the application of Ito's formula, we obtain 
dk =d( 
Alt 
=1 dAlt + Mtd 
1+ 
dMtd 
1 
Zt Zt Zt Zt 
= 
Zt 
dMt -Zt dZt -Z dZtdMt + 
/dZdZ 
t 
=1 
[01(t)dWtl 
+ ba(t)dWW - Mt(Aodt + A1dWt + AadWt ) Zt 
('b1(t)A1 + b2(t)Aa)dt + Mt(ai + \2)dt 
_ 
[[NI 
t(-ip +) + \2) - 
ýt 
(01(t)A1 + b2(t)Aa)]dt 
+(Ol(t) - MtAl)dWl + (b2(t) - MTtAa)dWt . (4.24) 
Since ht is self-financing, it follows from Proposition 3.7 that the wealth process is 
governed by 
d5C = h°dS° +ht dSt . 
Let us define that the proportion of wealth in each asset as 7ri := i4 /A'i . Thus 
with equation (4.4), we may rewrite dXt as 
dXt 
= (mot°(r -Ica) + -7ri µi - ýi µa)dt - 7rt QadWW - 7°QadWt + 7rt Q1dW 1 Xh 
t 
67 
it 
ýý5 
ý 
ý. 
_ (mot µl + (1- -7rt )r- µa)dt + rt Q1dWt - QadWt . 
(4.25) 
Comparing the equation (4.25) and (4.24), we obtain 
1 1 (01(t) - lbltAi) _ ii ci1Xi , 
Zt (a(t) -1L1t. \a) _ -QaXt (4.26) 
To work out the value of ipt (t), in equation (4.23), we know that 
Mt = E[ZTCI. F] = E[Z_ýý 
E[ZT I. F_]" (4.27) 
T 
Let Zt -' := mtA(t), where 
mt := exP 
ry 
'y 
1 
Aot + 2(ry 
'Y 
1)2 
(Ai + ßä)t 
A(t) := exp - 
ry (Ai + \ä)t + 'y (A1Wt1 + AaWt) . 2(ry - 1)2 'y -1 
We may also find that mt is a deterministic process, and A(t) is a martingale, so 
E[ZT 1 ý. ý't] = rntn(t), 
thus together with equation (4.27) 
Aft =X mtA(t), E[ZT'3] 
such that 
Xi = 
ZtKit 
=E mtA(t). (4.28) [T ]Zt 
Note that from equation (4.16), we can see that 
E[ZTfl] = exp -p[Ao -2 (al)2 -2 (ýa)2]T +2 (QA1)2T +2 (QAa)ZT 
= exp 
ry AoT + ry (ai + \2)T 
ry-1 2(ßy-1)z 
= mt. 
So we obtain that 
Aft = E[ 
x mtn(t) = xA(t), 
(4.29) 
Xt =x rntA(t) = 
ZtA(t), 
E[ZT'O]Zt 
68 
i ýý 
Y<' 
such that 
dAlt = xdA(t) 
_ xA(t) 
ry 
ry 
(A1dWt + )tadWt ) 
= Xt Zt 
' 
ry 
(a1dW 1+ A0dWt ). (4.30) 
-1 
Comparing the above equation with equation (4.23), we get 
fi (t) = Xt Zc 
y Ai, 
ry-1 
,I- Aa- 
t 
zt 7z1 
Taking obi(t) into equation (4.26), the optimal portfolio process will be 
kkZtryry 
1A1-MA1)_ýtQ1Xt 
in =1( Al-A1)- 
/ll-r (4.31) 
cl 'y-1 all (1-ry) 
because of Xt = Zt 1ý1t and Al =-, and 
IT °=1-mot =1- 21-r 
(4.32) 
X1(1 - ry)ý 
If we taking the portfolio process into equation (4.25), it yields 
dic 
__ 
(µi - r)Z 
.ýr-t dt + 
JAI r dWti - QaWias (4.33) Xh Ui(1 _ jý) 
la 
U1(1 -'Y) t 
equivalently, 
f( = exp r-µa -F 
1-2'y (11.1 -, r)2 1cz T, +,. µi -r WT c7awa 2(1- ry)2 Qi 2a (1 - , ý, )a 
T-T 
(4.34) 
Note that the expressions in equations (4.34) and (4.20) are identical. This implies 
the portfolio we obtained replicates the optimal terminal wealth process, so iro and 
irl are optimal portfolio processes and ( is the investor's optimal terminal wealth. 
Thus we have finished proof of Theorem 6.3. 
In the next section, we will introduce a new asset which can be some kind 
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of insurance-linked security, e. g. a longevity bond. The new asset can help 
the investors, e. g. pension manager and annuity issuer, hedge the longevity 
risk embedded in their future liability, because the payoff of the new security is 
consistent with the pension scheme they will pay to the policy holder. We would 
like to see how the new asset will affect the investor's optimal portfolio process and 
the investor's optimal terminal wealth. 
4.3 Issuing A New Asset 
In last section, we have found the optimal portfolio process which maximizes the in- 
vestor's terminal utility based on a future pension annuity. To hedge the longevity 
risk in the asset St, in this section, we issue a new asset St, which can be an 
insurance-linked derivative, i. e. a longevity bond. If the bond is priced by equi- 
librium consideration (see Horst and Muller (2007)), here we assume that the new 
issued asset satisfies the following SDE 
St = Sö exp (112 -1 2U2)t + U2Wt (4.35) 
where µ2 is the mean rate return of the new asset and a2 is the volatility of new 
asset. This section is closely related to the work of Musiela and Zariphopoulou 
(2004), where they want to price a contingent claim related to a traded index. In 
this part the relationship is perfect, since their no basis risk between St and St'. 
The market is in this sense complete. The problem in this case is simply Merton's 
problem with two risky asset and a risk-free asset. 
The new asset is tradable and has the same random sources as it in the an- 
nuity asset St , so that we can use it the hedge the risk from non-tradable asset 
St a. At this moment, there are one risk free asset S° and two risky assets St, Sz 
available for investment in the market model. If we still use the non-tradable asset 
St as a mzmeraire, after changing the numerarire, S°, Si , Si follows 
S° = So exp 
(r 
- µa -2 QQ t- Ora Wt" , 
1 
St = So exp 
[(Al 
- µa) -2 (Qi + Q2) t+ aiWtl - OaWt , 
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1 
St = Sö exp (µa - Pa) - 
1(ý-2 
22+ ýä) 
t+ (U2 - 0a)Wt . 
Equivalently 
dSto = (r - µa. )Stodt - QaSýdWt , 
dSt = (µl - µa)Si dt + 71St dWt - QaSt dWt , 
dSt = (µ2 - µa)St dt + (Q2 - Qa)St dWt . 
(4.36) 
We define Zt as a new state price deflator in this new market, and Zt E 
M (S°, St 
, 
St ). The dynamics of Zt satisfies 
dZt = )oZtdt +A ZtdW 1+A ZtdWt . 
(4.37) 
Taking the stochastic differential of the product of Zt and St, (i = 0,1,2), we get 
d(ZtSto) = [r - {La + i1O - Qa)'a]ZtStodt 
-QaZZ, 
S°dWl + A1, S'OdWI + YäStodWt , 
d(Zisi) = [(µi - µa) +1\ 10 +A of - a'C7a]Z't dt 
Q1 St ZtdW 1- QaSt ZtdWj + A1Zt, §t dW 1+ aaZtSt dWt , 
d(ZtSi) = ZtSt [A + (112 - Pa) + (172 - Ora) AI ]dt 
Z' [aidWl + (Q2 - Qa + I\')dWf ]. (4.38) 
According to the property of Zt, for all tradable assets, ZtSt, (i = 0,1,2) is martin- 
gale, so all the drift terms of the expressions d(ZtSt), (i = 0,1,2) will be equal to 
zero, thus we obtain 
uaÄla Ö =U, 
(111-i. ln)+\ +i11Q1-iýaaa=0, 
AÖ+ 1-12-/la)+(a2-Ua)i1ä=0. 
The solutions of the above equations give us 
r-µ2 r-µl , r-µ2 
6 
ýp = {-ffa -r+ as 
t72 
i11 =I ý1a - 
12 
Such that 
dZt = Zt /ia. -r+ arc, 
r- Az dt +r /il dWt +r J22 dWt 
Q2 Q1 Or2 
(4.39) 
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REMARK 4.3.1 If we assume that µa = µ2 and aQ = a2i then Zt becomes a mar- 
tingale. In this case, the deflator process is a density process, so we obtain a risk 
neutral measure which can be used as a pricing measure to price the new asset. 
If we take our new state price deflator Zt into equation (3.28) and (4.17), the in- 
vestor's optimal terminal wealth is 
C=I (Y(x)ZT) 
E[(ZT)_ß} 1ZT)1-r 
= xexp{ - 
[A_(1_ß2)2_(1_ß2)()2] 
-11 Alw 
1 
2ý 
ß 2\ 
r_µl 
A/ Wý 
ý exp - 
[a_r+aV_2 
- 1- J 2i 
-1(1-ß2) 
r µ2 r-I. 11W1 )2] 
1- Q1 Q2 -Y T 
r-µ2Wä 
y a2 1 
}, (4.40) 
1- 
and the expected terminal utility of the investor is 
X7 
exp -'YAI OT + 2ß(4)2T + 
2Q(A2)2T 
X7 r-µ2 1, (r _ 112 
_ -exp -ry 
(ila 
- r+Oa T+- T ly Q2 2 Ql 
+1ß r-Q2 
2T 
2 0'2 
= 
xry 
exp ryT - -yµaT - rycYar 
112T 
-}- 
2p (r 
ý2ý1)2T 'Y 21 
(4.41) +2,0 
(r 2 
ýý2) 
T 
I. 
2 
Let us define Aft := E[ZT(I. '] = E[ZTXTI. P]. According to the martingale rep- 
resentation theorem, there will exist predictable processes V)', (t), V)2' (t), which can 
satisfy 
rt 
J bi(u)2du < oo 0 
and 
M=X -}- 
In 
ri 
2=1,2, E[ 
I< 
oo 
0 
In iii(u)dWü +J 02(u)dw, °, 
0 
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or equivalently 
dMt = 0, (t)dWi +. 2(t)dWt . 
From Ito Lemma, we get 
(4.42) 
d5C =dI 
Aft 
I=1, 
[[Iyl 
(-aö + \' + a2) (, Oi(t)A + of (t)A')Jdt Zt Zt 
+( (t) - M'(t)Ai)dW1 + ('ßä(t) - Mta2)dWt 1. (4.43) 
On the other hand, the self-financing property of the value process tells us that 
d, k4 h°dS° + ht dSt + ht dSt 
or equivalently 
dXi = it 3 (r - µadt - QadWf) + r'i, i [(µi - µa)dt + Q1dWt - QadWt 
] 
+1rt Xi [(µ2 - lia)dt + (Q2 - Qa)dWj ] 
= Xi [ýt (µ1- r) + 7rt (µ2 - r) +r - µa]dt + 
Xt it Q1dWt 
+Xt (it c2 - Qa)dWW . 
(4.44) 
Comparing the coefficients of dW 1 and dWt terms in equation (4.43) and (4.44), we 
obtain that 
, 
(01(t) -1'(t)X, ) - Xi 
(7r U2 - ia) = Zt 
Using the same mathematical technique as we have done in the last section (see 
from equation (4.27) to (4.30)), we can obtain 
A2" i1«t) = 5c z lei 
mt) = XiZiy 
h1 
Taking 'i4(t) and 02(t) into the above equations, we get 
(4.45) 
art = 
(1 r 
and ýt = Q2(1 -'Y) 
+ 
a2 
(4.46) 
REMARK 4.3.2 By taking the portfolio process we obtained into equation (4.44), it 
yields 
d5C = Xt 
(121 - r)2 + 
(122 - r)2 + crß(l22 - r) , J- r- µa dt Ql (1 -'') a2 (1 - 7') 0'2 
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hµ l- r dW' +Xh 
JL 2- 7' dW a 
t Qi(1 -may) 
tt a2(1 - ýy) t, 
or equivalently 
(4.47) 
Xh =x ex 
(µl - r)2 + 
(µ2 - r)2 + Qa({. 12 - r) +r- tp 
(Ql 
(1 
- -i) 0'22 
(1 a2 
µa 
_1 
(µl -, r)2 
_1 
(µ2 _, r)2 t -I- 
µl -rW1+ µ2 -rwt- 
2 Q2(1 -y)2 2 Q2(1 -y)2 0-1 (1 -'Y) t 0'2(1 -'Y) 
} 
µ2-r 1 1-2-y -j. Il 
2_ 1 1-try 
= xexpµa--+ ýa 
Q2 
+2 (1-ry)2(r 0.1 
) 
2(1-y)2 
X Cr - 112 /2 +1 µ1 - rWl +1 µ2 - rWa . (4.48) Q2 J 1-y a1 1-7 0*2 T 
Note that equation (4.48) agrees with equation (4.40). The consistency between 
them implies the portfolio process we obtained can precisely hedge the optimal 
terminal wealth. 
REMARK 4.3.3 Comparing the new market with the original market, we find that 
the only difference between them is that, in the new market, the non-tradable 
longevity risk can be hedged by the newly issued asset. In a special case, i. e. the 
investor will not invest anything in new asset St , it will be equal to 0, then 
from 
equation (4.45), µ2 =r- Qaa2(1 -'y). Taking it into equation (4.41), the expected 
terminal utility of the investor becomes 
x-Y 
exp 
{YrT 
- -'µaT + _YU. 
-CQý (1 - -Y) T+12 
(ýý1 
ý2 
r)2 T 
i 
+lß(-QaQ2(1 -'Y))2T 2 172 
x7 11 (µl - r)2 exp 
{rT 
- -yI1aT -a (1 - -y)ryT +2T (4.49) ly 22 171 
Comparing equation (4.49) with equation (4.21), it is obvious that, when J12 = 
r- Qac2(1- ry), the terminal utility of the investor in the new market is equal to it 
in the original market. 
REMARK 4.3.4 Comparing the expected terminal utilities U(() and U((), we find 
that issuing a new asset will lead to a change of the investor's expected utility. This 
prompts a question: what is the certainty equivalent of this increase? If we assume 
that, after the issue of the new asset, the initial wealth of the investor in the new 
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market is x, and before the issue of the new asset, the investor have the initial wealth 
x+w, then the question becomes that what value of w will ensure the investor to 
have the same expected utility in the different market model. By making equation 
(4.21) equal to equation (4.41), we obtain 
(x + w)ry {'rT 121 (µi - r)2 l 
exp --- 'Y)YZ' . }' ýj 
1 
7r1 r)2 1 (µ2 - r)2 l 
_ exp yrT - yµ.. T + yu.. 
µa T+ 2, Q(µiý2 T 2Q ý2 
7'1 
ly ý 
{212 
x+w 
exp {( yea 
µ2-r 1 (µZ-r)2 1 (x= 
172 
T+2Qcz2T+2 Qa (1 - 'Y)'YT 
l 
which will give us the value of w should be 
w= exp LIQ.. µ2 -r T+ 
1(1 
- -, )_i 
(µ2 - r)2 T+1 Qä(1 - ry)T -1 x 
a2 2 U2 2 
= 
[exp {2a 
21 
[(µ2 - r) - Qav2(1-f)]2T -1X. 
(4.50) 
2 (1 -'Y) 
Note that, since ry < 1, from equation (4.50), the certainty equivalent w will always 
be greater than or equal to zero. This implies that it is always optimal for investors 
to invest in the new issued asset. 
4.4 Conclusion 
In this chapter, we constructed a simple market model with a cash account, an 
equity asset and a pension annuity. Using the annuity asset as an numeraire, we 
worked out the investors optimal terminal wealth process and the hedging portfolio 
process. By introducing a new insurance-linked asset, we show that how the new 
asset affect the investors terminal wealth and the portfolio process. The work in this 
chapter also shows that holding an insurance-linked product is always optimal for 
investors, especially for the pension managers and the annuity issuers, to hedge the 
longevity risk from the pension annuities. In the next following chapters, we will 
apply some other method to solve this problem and compare with the results we 
obtained here; based on the empirical research work, we will also introduce a more 
complex annuity asset in order to make our model here much more practical. 
75 
BLANK IN 
ORIGINAL 
Chapter 5 
Dynamic Programming: HJB 
Approach 
The earliest approach to solve the portfolio problem is the mean-variance method 
introduced by H. Markowitz (1952). The method is applied widely in risk manage- 
ment of bank department. However, the main drawback of the approach is the 
static nature of the problem. After the allocation of the initial wealth to different 
assets at the beginning of the investment period, no further actions is required 
until the end of the period. This extremely oversimplified the reality and totally 
ignored the highly volatile property of the asset prices. As the development of the 
financial engineer, some other approaches are used to solve the optimal trading 
strategy problem (see Zariphopoulou (1997)). Merton (1971) used stochastic control 
method to the asset allocation problem, and expressed optimal portfolio rule in 
terms of the solution of a second-order partial differential equation (PDE), the so- 
called Hamilton-Jacobi-Bellman Partial Differential Equation (HJB PDE). 
In this chapter, we will use the stochastic optimal control method to solve 
our Primal Problem 3.2.5. In the stochastic optimal control method, the control is 
usually given by the investment strategy. We still discuss the following two different 
cases: 
"A market with one bond, one risky assets and one pension annuity asset (note 
that the pension annuity asset is a non-tradable asset in the financial market 
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but can be held by the investor for a future annuity payoff); 
.A new market with a newly-issued tradable asset which can be used to hedge 
the longevity risk from the pension annuity. 
5.1 The Original Market Model 
Let us recall the market model M (S°, S't) we introduced in Chapter 4, in which the 
discounted assets S° and St satisfy 
So 
=S= Sý eXP 
l \r 
- µa -2 Qäý t- QaWt 
1 
2 St =a= So exp (µl - /la) - -«71 + Qä) t+ QlW 
1- aaWt . 
t 
(5. i) 
We will restrict the investor's investment strategy to be self-financing, so 
St dXt = h°dS° + It'd 
where ht, (i = 0,1), is the number of units held by the investor in asset i, 
kt = 
Xt/St is the wealth process at time t in numeraire St when follow the trading 
strategy ht = (01 tat ). The stochastic process Sz does not appear in what follows, 
because we henceforth refer only to discounted prices. We denote the investor's 
proportion portfolio process by 7r° (for asset S°) and in (for asset 
Sz) respectively 
(lrt = (ir°, irk )), and ýt = i4 /Xt, (i = 0,1). The proportion portfolio processes also 
satisfy the following constraint 
ir + it = 1, Vt > 0. 
Thus the dynamics of Xt are given by 
dXt = Xt (7r°(r - µa) + 7ri µl - 7rt µa)dt - art QQdWt - 7r°Qa. dWt + it Q1dWti 
= Xt (r + 7t (µi - r) - pa)dt + ii Q1dWt - QQdWt . 
(5.2) 
The objective of the investor is to choose a portfolio strategy in such a way to 
maximize his terminal utility over [0, T], we assume that this utility is given by 
E[U(&)), 
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where U(x) = x1/-y (ry is risk aversion parameter and -y < 1). To find out the 
optimal portfolio process, the main idea is to embed the original utility maximization 
problem into a much larger class of problems, and then tie all these problems together 
with a partial differential equation (PDE), known as the Hamilton-Jacobi-Bellman 
equation. The control problem is then shown to be equivalent to the problem of 
finding the solutions of the HJB equation. Now, we may state the investor's utility 
optimization problem as follows, 
max E[U(Xt)], 
ir°, it 
dXt = kt 
[(r 
+ ý(- r) - µd)dt + ýu1dw1 Qa, dh 
,0= xp, 
ir° + it = 1, Vt > 0. 
A problem of this kind is known as the stochastic optimal control problem. In this 
context, the process Xt is called the state process, the process 7r° and it are called 
control process, and we also have a control constraint 7r° + ii = 1. In the modelling 
problem we set up, it is natural to require that the the control process it (i = 0,1) 
is adapted to the Xt process. In other word, at time t, the value it of the control 
process is only allowed to be dependent on the observed values of kt. With HJB, 
we define a following function as a feedback control law of the strategy in 
lrt=7r(t, Xt, W1, Wi, StO, Si), Z=0,1. 
However we can note that it is sufficient for lrt to be a function of t and Xt only 
because S° and St depend on Brownian motions Wt and Wt a. This implies that 
lrt can be rewritten as 7rt = 7r(t, Xt). We define a function J(t, x; ir) which is the 
associated expected utility for a given portfolio process it 
ý(t, ý; ir) = E[U(&)1. Ft; Xt = a; J. 
We can see that J= J(t, x; ir) is a function of a diffusion process kt. We denote 
by Jt the partial derivative of function J(. ) with respect to time t, by J., the partial 
derivative with respect to x and by Jux the second partial derivative with respect to 
X. 
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PROPOSITION 5.1.1 (Bjork (1998)) Consider the expected utility J(. ), with it being 
of the feedback control law, then it satisfies the PDE 
Jt + Jxx(r + ýt (µi - r) - µa) + 2x2((it )toi + aä)Jyx = 0, J(T, x) = U(x). 
THEOREM 5.1.2 (Hamilton-Jacobi-Bellman Equation) (See Oksendal 
(001)) Consider the optimal value function 
e(t, x) = sup E[U(x)1, ß't, Xt = x] = sup J(t, x; ir), nin1 ýt, mot -to 
(., 
.) satisfies the Hamilton-Jacobi-Bellman Equation 
f St + sup .oi[ xx(r + 7t (J'1 - r) - µa) + 2x2((7r )2o + Ua)Sx_ý = e(T, x) = U(X), 
then the supremum in the Hamilton-Jacobi-Bellman Equation above will be attained 
by some (ir°, ýt ). 
In other words, the optimal value function which is the supremum of the 
function J(., .; ir), satisfies the HJB PDE simply by taking the supremum over 
i°, in. This is also known as stochastic control theory. In our portfolio optimization 
problem, it is quite easy to find the optimal trading portfolio process from the HJB 
PDE: we differentiate the supremum term in HJB with respect to it and set the 
derivative equal to zero to get 
Gx(µi - r) + x2it a2=0, 
which gives us 
i ß(µi - r) and ý° -1- ý1 
(5.3) ýt= -2 t= t" xvlxx 
The equation (5.3) is a candidate for the optimal control law. We can see that 
it depends on time t, Xt, and the derivatives of function ý, but since we do not 
get know what the function ý is , the description is still incomplete. Therefore we 
substitute the expression for ir into the HJB PDE, which gives us a PDE 
12 
St + xý r-C: 
(µl-r 2- 
{laJ + 1x2 -x -r 
22t 
xvlýxr 2 xale 
o+ Qa Sxx = 
0; 
(5.4) 
i; (T, X) = U(x). 
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After the rearrangement, we can obtain 
1 )z 
et + exX(r - pa) -2__ 
(_z - r. }. 2xzQä xx =0 
(5.5) 
Now, we need solve the PDE above. This will be a hard to work to solve such a 
non-linear PDE, so we will usually guess a solution of it. For our investor who has 
a power utility function (U(x) = xy/-y), we conjecture that, at time t, the solution 
of above PDE might be of the form 
e(t, x) = 
ry 
exp{K(T - t)}, 
where K is some constant, thus giving us 
et = -K exp{K(T - t)} 
eý, = x"-' exp{K(T - t)} 
ýxx = (i' - 1)x'y-2 exp{K(T - t)}. 
Taking the above derivatives of function ý into the PDE function (5.5), we can see 
that the PDE function is satisfied if and only if 
r)20, -2 1 1 2(, y 
y 
So if we assume that the investor's initial wealth is x, then the investor's expected 
optimal terminal utility should be 
(0, x) _7 exp 
r)li7i 2-2,7ä('Y 
- 1) T, (5.6) 
and the optimal portfolio of our investor is 
ýt =QizEli -r and i°=1-Qi2111-r (5.7) 1 -'y 1-y 
We can see that the investor's portfolio heavily depend on the risky tradable drift 
µl and the risk aversion parameter of the investor. By comparing with equations 
(4.21), (4.32) and (4.31), we can see that both the trading portfolio processes and 
the expected terminal utility are consistent with the results from the martingale 
method. 
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5.2 Issue of A New Asset 
To hedge the risk from the pension annuity, we issue a new asset St. The dynamics 
of the new asset follows 
St = So exp (A2 -1 2az)t + U2Wt (5.8) 
where µ2 is the mean rate return of the new asset and Q2 is the volatility of new 
asset. With St as a numeraire, the discounted asset process St satisfies 
11I 
St = Sö exp 
[(p2 
- ha) -2 (ý2 +a )] t+ (62 - Qa)Wt . 
Thus the wealth process governed by a self-financing portfolio process ht = 
(h°, ht , ht) becomes 
)kt = h° S° + ht St + ht St , 
where ht (i = 0,1,2) is the number of units held by the investor. We denote the 
proportion portfolio process of the investor by it (i = 0,1,2), where ýt = (14 )/±t, 
and ir° + it + ii = 1. Then the state process of Xt is equal to 
- Qa)dWt . 
dXt = Xt[r + ii (µi - r) + ii (1i2 - r) - µa]dt + Xtiri cidW 1+ Xt(7ri 172 
If we still consider the associated expected utility of the investor for a given propor- 
tion portfolio process lrt = (iro, 7r1 t, it ) 
J(t, x; ir) = E[U(Xt) Ißt, Xt = ýJ, 
we could get the following proposition. 
PROPOSITION 5.2.1 Consider the expected utility of the investor J, given the feed- 
back control law lrt, then it must satisfy the following PDE 
Jt + Jýx[r + 7ri (µi - r) + ii (µ2 - r) - lea] + 
1x2J.. 
[(7r i )tai 
+(, 7r262 - Qa)2] _0 (5.9) 
Proof. We do not provide the proof of the proposition, because it is the same as the 
proof of Proposition 5.1.1. Q 
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THEOREM 5.2.2 (Hamilton-Jacobi-Bellman Equation) Let's consider an op- 
timal value function 
x) = sup E[U(Xt) I . Ft, 
Xt = x] = sup J(t, x, ir), Q12012 
ýt, ýt, ýt 7rt, ýt, ýt 
ý(., .) satisfies the Hamilton-Jacobi-Bellman Equation 
et + Sllplrt [exx[r + 7rt (l11 - r) + 7i (/12 - r) - µa. 1 
+2Sxxx2[(irt )2Qi + (7ft Q2 -0, a)2]] = 
0; 
e(T, x) = U(x). 
then the supremum in the Hamilton-Jacobi-Bellman Equation above will be attained 
by some (7r°, 7rt , 7rt 
). 
By differentiating HJB PDE with respect ii and ii respectively, we can get 
Sxµlx + SxxX2ir Qi =0 
ýx(pl - r) 
in =- 
ýQi Sxx 
and 
Sxx112 + Sxxx2 
(1rt Q2 - O'0 r2) 
7f2 = -SX(M2 - rý - 
exxxaao2 (; 12 - r) e+ Qa 
t exu2 
22 SaxxQ2 Q2 
t 
then 7r° =1- 7t - 7t . 
Taking the optimal portfolio process it and in into HJB PDE, we get a 
general PDE which does not depend on a specific form of mot. 
St + 
exx r- 
Sx(µi - r)2 
_ Pa - 
(112 
- r) 
G012 
- r) - txxXQa52 
r 
SxxXU2 
ýxxxa2 
2 (GO-12 2 12 
Sx({L1 - r) 2- r) - xxXQa02 
2 
ýXxx 
GxX ul 
1 GxxQ2 (7) a 
After rearrangement, it yields that 
e-1 ýý 
[(/21 - r)2 + 
(µa - r)2 (µ2 - r)aax 
= 0. (5.10) +x 
[(r 
- µa)x + 2 SxxQl 'xzQ2 Q2 
If we assume that the optimal terminal utility, which is power utility, keeps a general 
functional form, and satisfies 
e(t, x) = 
ry 
exp{K(T - t)}, 
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where K is a constant. By differentiation, we get 
7 
-Kx exp{K(T - t)} ry 
ex = x't-' exp{K(T - t)} 
= (ry - 1)xß'-Z exp{K(T - t)}. 
Replacing fit, Cx and ýý, we obtain 
K= -y(r - µa) -i-, yo, aP2 
-r+1 'Y (µi - r)2 +1 It 
(112 - r)2 
Q2 21 -'y Qi 21-ry Q2 
Thus the investor's portfolio processes are 
7ri - 
pi -r and it - 
µ2 -r + Via, (5.11) (1 -'Y)ý12 Y)ý2 2 a2 
and for an investor with an initial wealth x, the optimal value function of the 
terminal expected utility of the investor is 
ý x) =7 exP 'Y[(r_I2a)+aa112 
-r+1 'y ({11 - r)2 
ry 172 21-ry a 
1 'Y (p2 - r)21 +21 
- ore JT . (5.12) ry 2 
Comparing it with results we obtained from convex dual martingale method (equa- 
tions (4.46) and (4.41)), we can see the consistency between the convex dual mar- 
tingale method with the HJB method. 
5.3 Conclusion 
In this chapter, we used the stochastic optimal control method to solve the Primal 
Problem 3.2.5. Comparing with the results we obtained in the last chapter, we can 
see the consistant results between the martingale/convex dual approach and IIJB 
approach. Although there are some similarities between them, there are still some 
difference in their setup as well as in their use. 
1. In HJB approach, the optimal control strategy is determined as a function of 
the unknown optimal value firstly, then it is substituted back into the IIJB 
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equation which is a nonlinear PDE whose solution will lead to the optimal 
value; In the martingale method, it proceeds in an inverse direction. We 
determine the optimal value without reference to the control law, firstly, then 
the control law will be determined as the optimal strategy that replicates the 
optimal terminal wealth. 
2. In the essence, HJB is a fully dynamic approach and it requires the state 
process is Markovian. It reduces optimization over time to a parameter opti- 
mization. This could make it easier to obtain the optimal control law, however 
it is difficult to get the optimal value from HJB, because it is difficult to get 
the solution of the nonlinear PDE; By contrast, it is easy to obtain an opti- 
mal value from the martingale method. But it requires the existence of the 
inverse of the derivative of utility function, it may narrows the application of 
approach. 
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Chapter 6 
Stochastic Mortality Model 
In this chapter, we will consider pricing a pension annuity with a two factor 
stochastic mortality model. The main motivation for such a stochastic mortality 
model is from the significant improvement of human mortality: so called Longevity 
Risk. Here longevity risk means the risk that the survival rates is higher than 
anticipated. Some recent research work (Currie, Durban and Eilers (2004)) has 
showed that these unanticipated improvements are significant at higher ages and 
this leads the life offices and annuity issuer to incur losses on their annuity business. 
To model randomness in the aggregate mortality rate, a number of approaches have 
been proposed. A key earlier model is that of Lee and Carter (1992). Their work 
focused on the practical application of stochastic mortality model and statistical 
analysis. They measure the aggregate mortality risk annually, so they work in a 
discrete time steps. Cairns, Blake and Dowd (2006) proposed a two factor mortality 
model. In their work, one factor affects the mortality risk dynamics at all ages in 
a similar way, while the other factor affects the mortality risk dynamics at higher 
ages more than it at lower ages. 
In this chapter, we will introduce the two factor stochastic mortality model 
first, and then make the linear approximation for the price process of annuity in 
Section 6.1; in Section 6.2, we propose to specify the dynamic process of annuity 
prices under a risk-adjustment measure. 
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6.1 A Two Factor Mortality Rate Model 
By analogy with interest rate terminology, Cairns, Blake and Dowd (2006) (CBD) 
used the following notation to define the forward survival probability, 
p(t, To, T1, x) = probability as measured at time t that 
an individual aged x at time 0 and still alive at To 
survives until time Ti > To. 
Let I (t) represent the indicator process that is equal to 1 at time t if the life aged 
x at time 0 is still alive at time t. If we let 7t be the filtration generated by the 
development of the mortality curve to time t, then 
p(t, To, Ti, x) = Pr{I(Ti) = 11I(To) = 1,. Ft}. 
Note that p(t, To, Ti, x) = p(Ti, To, Tl, x) for all t>T. We use the more compact 
notation and p(t, x) = p(t + 1, t, t+1, x), which is the realized one-year survival 
probability for the cohort aged x at time 0. From this, we can derive the realized 
mortality rate q(t, x) =1- p(t, x). In this case, we will restrict ourselves (as in 
CBD) in the following Perks stochastic mortality model 
exp{Al(t+1)+A2(t+1)(x+t)} q(t, x) =1- p(t, x) =1+ exp{A1(t + 1) + A2(t + 1)(x + t)} 
(01) 
In this equation, Al(t) and A2(t) are stochastic process that are assumed to be 
measurable at time t. In CBD, it was found that Al (t) has a downward trend which 
reflects the general improvements in mortality over at all ages, and A2(t) has an 
increasing trend which means that the improvements have been greater at lower ages. 
To forecast the future distribution of A(t) = (Al(t), A2(t))', CBD model 
A(t) as a two dimensional random walk with drift, and A(t) satisfies 
A(t + 1) = A(t) +, u + CZ(t + 1), (6.2) 
where µ is a constant 2x1 vector, and C is a2x2 upper triangular matrix and Z(t) 
is a 2-dimensional standard normal random variable, thus the covariance matrix is 
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V= CC'. If we define that a new random variable D(t) = A(t) - A(t - 1), then 
equation (6.2) implies that D(t) are i. i. d. and normally distributed i. e. 
D(t) - MVN(µ, V). 
Therefore the likelihood function can be written as 
nr 
L(µ, V) =V2 exp {-2 (D(t) - µ)'V -1(D(t) - µ) (6.3) 
t=1 2ý 111 
where IVI is the determinant of the matrix V, thus the logarithm of the likelihood 
function is defined as 
l(µ, V) = log(L). 
By differentiating the log likelihood 1(p, V) with reference to µ and V respectively, 
and make it equal to 0, we obtain that 
1n 
µ=nE D(t), 
t=1 
and 
nn E(D(t) 
- (D(t) 
t=i 
If we use the data from 1982 to 2002 (20 observations), then we will find that 
-0.0669 and V-0.00611 -0.0000939 
0.000590 -0.0000939 0.000001509 
Now, let's consider an index linked zero-coupon longevity bond, (T, x) bond, which 
pays the amount s(T, x) at the maturity time T and for each age x at time 0. Let 
B(t, T, x) represent the price (assuming the interest rate is zero) at time t of the 
(T, x)-bond that pays s(T, x) at T, where 
s(T, x) = p(1,0,1, x) x p(2,1,2, x) x ... x p(T, T - 1, T, x) 
= p(0, x)x... xp(T-1, x), (6.4) 
where p(u, To, T1i x) is forward survival probability. With assumption of no arbitrage 
opportunity, for the price of the (T, x)-bond, the discounted price process of it is a 
martingale under Q and it satisfies 
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Figure 6.7: Simulated Values of A(25) 
B(t, T, x) = EQ[s(T, x)I A(t)] 
= EQ[p(1, t, 1, x) x ... x p(T, T -1, T, x) 
IA(t)]. (6.5) 
For further observation, we can see that B(t, t+1, x)/B(t, t, x) = pQ(t, x). Since 
B(t, T, x) is known as the spot price of (T, x) bond, we will regard PQ(t, x) a. -3 the 
spot survival probabilities under an equivalent martingale measure. 
We would like to price the longevity bond by using the two factors model. 
We denote by St (T, y, A(t)) as the price of an annuity at time t, which will provide 
an annuity of C1 payable at time T, T+1, ... to someone age y (e. g. y= 65) at 
time T. Here A(t) is a time homogeneous Markov process. Hence for u>T and 
someone aged y-T at t=0, given A(T ), s (u, y- T) /s (T, y- T) has the same 
distribution as s(u - T, y), given A(0). The price of the annuity at time t is given 
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by 
00 Eu 
=T u, ra(m ,, e (+\1 - 
E=T B(t (6.6) 
,, -It '1 ,: f, Zkl/l -Btt, y -1' 
" ---ý 
In the left of this section, we are aiming to work out the distribution of the price 
of the longevity annuity. It is easy to see that it can be significantly simplified if 
we can find a linear relationship between the annuity price St (T, y, A(t)) and the 
stochastic model factors A(t), such as 
f (Si (T, Y, A(t))) = Bo + 01A1(t) + 02A2(t), 
where the O are constant parameters. If approximate linearity is observed, then we 
can say that the distribution of the function of the price is approximately normal. 
We will consider the following linear approximate functions 
1. f (St (T, y, A(t))) = St (T, y, A(t)), 
2. f (St (T, y, A(t))) = log(St (T, y, A(t))). 
Let us consider a cohort they currently aged 40 now (i. e. t= 0), and they will get 
a pension annuity when they are 65, (i. e. T= 25, y= 65). We will use the Monte 
Carlo Method to simulate the price of the annuity. 
Based on the data from 1982 to 2002, we assume that the initial value 
A1(-1) = -10.95 and A2(-1) = 0.1058, then we will obtain the simulated 
value A(t) and plot the values of A1(T) and A2 (T) to check the range of them. 
Figure 6.7 shows that A1(25) E (-12, -10.7) and A2(25) E (0.100,0.120). 
Then we will simulate the value of f (ST(T, y, A(T))) with T= 25, y= 65 
(See Appendix for more details about the algorithm). Figure 6.8 is the contour 
plot for the simulated value of ST(T, y, A(T)) and log(ST(T, g, A(T))). We can 
see that the contour plot lines are approximate parallel, and also, as we expected, 
the scatter plot A(t) appear in the middle of the contour plot. We note that both 
of these two cases shows the approximate linear property, this implies that we 
could use both of them as an linear approximate function theoretically, but for 
more precise approximation, we need to consider a function which could produce 
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closer result to the simulated value. Thus we will analyze the errors between each 
linear approximate function and the simulated values. Let us denote the linear 
approximate value of f (ST(T, V, A(T))) by f (ST (T, y, A(T))), thus we have 
f(ST(T, y, A(T))) = ST(T, y, A(T)) 
= Oo + B1(A1(T) - 
Ä1(T)) + 02(A2(T) - 
A2(T)), 
or 
f (ST(T, y, A(T))) = log ST(T, T, A(T)) 
= Oo + Bl(A1(T) - 
A1(T)) + 02(A2(T) - 
A2(T)), (6.7) 
where the 01(i = 0,1,2) is the coefficient required to be estimated and A (t) is the 
mean value of the simulated Al(t) at time t for i=1,2. Thus we can get a linear 
function f (ST(T, y, A(T))). To estimate the parameter of the function, We define 
Hl = (h1,0)' and H2 = (0, h2)', 
such that 
A(t) + Hl and A(t) + HZ, 
imply a small change of Al (t) and A2(t) respectively. In this case, we fixed A1(t) 
firstly and varying A2(t), then repeat with fixing A2(t) and varying Al(t). Thus an 
approximate value of the parameters in function f (ST(T, y, A(T))) will be 
00 = .f 
(ST(T, y, A(T))), 
01 = .f 
(ST' (T, Y, A(T) + Hi)) - ©0, 
hl 
02 = .f 
(ST(T, Y, Ä(T) + H2)) - 00. 
tae 
Then let us consider the error function, R, 
R 
f(ST(T, y, A(T ))) - f(ST(T, y, A(T ))) 
. 
f(ST(T, , A(T))) 
where f (ST(T, Y, A(T))) is the linear approximate value from equation (6.7) and 
f (ST(T, Y, A(T))) is the value of the annuity from the simulation. We would expect 
the contour plot of the residuals on (Al, A2)-axis to have zero values in the middle 
for the fit to be regarded plausible. Figure 6.8 is the contour plot of the price (a) 
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Figure 6.8: Simulated Values of A(25) 
93 
and the logarithm function of the price (b), we can see that the logarithm function 
of the price provides a better with the smallest residuals, because the more even 
spacing of the contours. The other advantage of log function of the price is that it 
is easy to be used in the other financial pricing models. 
6.2 Pricing Annuity with Stochastic Mortality 
Model 
Now we consider the price of longevity annuity. Recall the dynamics we worked 
earlier for A(t) under measure P, A(t) satisfies that 
A(t + 1) = A(t) +µ+ CZ(t + 1) 
where µ is a constant 2x1 vector, C is a constant 2x2 upper triangular matrix, 
and Z(t + 1) is a standard two dimensional normal random variable under P. We 
can see that we have defined the dynamics of A(t) in a discrete time model. To 
extend it to a time continuous model, we replace Z(t + 1) with Wt+l, where Wt+l is 
a two-dimensional Brownian Motion process under P. Thus we have 
dA(t) = µdt + CdWt (6.8) 
We propose to specify a dynamic process for the longevity annuity under a risk- 
adjusted measure Q that is equivalent to the current real world measure which we 
refer to P. This measure Q is also commonly referred to as the risk-neutral measure 
or as an equivalent-martingale measure. Under measure Q, we propose that 
dA(t) = µdt + C(d1Vt - Adt) 
= µdt + Cd1Vt, (6.9) 
where µ=µ- CA. 
In this equation, Wt is a standard two dimensional Brownian Motion under Q. The 
vector A= (Al, A2) represents the market price of risks associated with the process 
W1 and WW respectively. We assume that A is constant rather than time dependent. 
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Figure 6.9: The Contour Plot of Residuals 
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Note that, in the last section, we assume that the interest rate r=0 and 
work out a linear expression for the price of the annuity (equation (6.7)). If we take 
into account a non-zero interest rate, i. e. r is a constant or follows a stochastic 
interest rate model, then 0; - 02(r) (i = 0,1,2). From equation (6.7), we know that 
ST(T, y, A(T)) = exp{Bo + Bl(A1(T) - 
A1(T)) + 02(A2(T) - 
A2(T))} 
= exp{Bo + O1A1(T) + B2A2(T)}, (6.10) 
where Öo = 60 - 91A1(T) - 02A2(T), A1(t) and A2(t) can be obtained from the 
dynamics of A(t), 
dAi(t) = µldt + C1idW 1+ C12dW 2, 
dA2(t) = µ2dt + C22dLVt , 
or equivalently 
A1(t) = Al (0) + µlt + C11W 
1+ C12Wt 
, 
t" 
A2(t) = A2(0)112t + C22W2 
In this section we will consider two pricing frameworks: pricing the longevity annuity 
with a constant interest rate and pricing with a stochastic interest rate model. 
6.2.1 Pricing with a Constant Interest Rate 
Let us denote the interest rate by r, and assume that r is a constant, then assuming 
the market is arbitrage free, the price of the annuity with the longevity risk at time 
t is 
St(T, y, A(t)) 
= EQ[e-r(T-t) STI Al(t), A2(t)1 
= EQ 
[e_r(T_t) 
exp o+ 01A1(t) + 02A2(t) + ©1 
((T 
- t)µ, + Cii(WT - Wt') 
+C12(WT - Wt) + 02 
((T 
- t)112 + C22 (WT - Wt) 
}lAi(t), 
A2(t) 
= exp 
{o 
o+ O1A1(t) -I- 02Aa(t) + 
[01/11 
+ 02/22 +2 [0c1 + (©1C12 + 02C22)2] 
-r (T - t) 
I. 
(6.11) 
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With the application of Ito Lenima, we obtain that 
dSt (T, y, A(t)) 
= St [rdt - (B1µ1 + e2µ2)dt -2 ße1 1+ (01C12 + 01C22)2]dt + O1dAi (t) 
+92dA2(t) + 
2eidAl(t)dA, (t) + 
2B2dA2(t)dA2(t) 
+ 91B2dA1(t)dA2(t)] 
= St 
[rdt 
- (Blµi + 02A2)dt -2 [Bich + (01C12 + B1C22)2]dt + Bi(E. cldt 
+C11dW1 + C12d1X' )+ Bz(µzdt + C22dW2) + 201(C121 + Ciz)dt 
+292C22dt + 0iO2Ci2C22dt] 
= St rdt + O1C11dW 1+ (01C12 + 02Czz)dWt . 
(6.12) 
We can see that the dynamics of the price process is independent of µl and µz under 
the adjustment risk measure Q. 
6.2.2 Pricing with Stochastic Interest Model 
In this part, we introduce a stochastic interest rate into our pricing model. We 
assume that the dynamics of interest rate r satisfies the following SDE 
drt = Q,. d V' + ar(/T - rt)dt, 
where a,., a, and Ec, are constants, Wt is a standard Brownian Motion under measure 
and independent of Wt and Wt . The approximate price of the longevity 
bond 
at time T is same as in Cairns, Blake & Dowd (2006) approximation, in which 
they define a power utility function for the investor, and introduce time preference 
parameter w, which implies that 
Ö0,01,02 is recalibrated in this revised model. A 
time preference means a person wants to spend their money now and not save it, 
whereas a low time preference means a person prefer to save their money. Followed 
Cairns, Blake & Dowd (2006), the price of the longevity bond at time T satisfies 
the following equation 
ST(T, y, A(T)) = exp{6o+WrT+B1A1(T) +02A2(T)}. 
The idea here is to find the dynamics under Q of the annuity St, where Q is the risk 
neutral probability measure considering S° as a numeraire. A strong assumption is 
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made here on the independence between the Q Brownian motion Wt driving the 
short rate process, and the two Q Brownian motions driving the factors of annuity. 
Assuming the market is arbitrage free and the attainability of the contingent claim 
paying S(T, x) at time T, the price of the bond at time t is 
St (T, y, A(t)) = 
(- IT 
EQl 
rexp{ 
J Llt 
r (_ 
I Eq exp 
( It. 
Eglexp{ 
I. 
+B2A2(T)} I, rt] 
r(s)ds }STlMtI 
r(s)ds + Bo + wrT + 01A1(T) + B2A2(T) } IMt] 
r(s)ds + wrT } iFt] EQ 
[exp{Oo 
+ 01A1(T) 
(6.13) 
where Mt is the combined filtration of the interest rate and the mortality rate, Ft is 
the filtration generated by the evolution of the term structure of interest rate and 
, 
Ft is he filtration generated by the evolution of the term structure of mortality rate. 
It is easy to see that 
EQ[exp{Bo + 01A1(T) + 02A2(T)}IFg] 
= exp {o0 + 01A1(t) + 02A2(t) + B1µ1 + 02/22 +1 [ocii + (01C 2+ 02C22)2 T, 
where r=T-t. With the application of bivariate Laplace transform to fT r(s)ds 
and rT (see Appendix B2, Cairns (2004)), we can obtain that 
rT 
EQ 
[exp 
-J r(s)ds + wrT lIFt = exp{a(T, w) - ß(T, W)rt} (6.14) 
where 
a(T, W) = -a1(7) +Wa2(T) + 2A 11 (T) - W012(T) + 2W2022(T)ý 
1- e-"*T ' a' (-r) = µr T-9 a' (r) =µr(1 - e-ýrT)ý 
a, 
2 
O11(T) = 
2r3 [2arT -3+ 4e-"r'r - e-2orT 
r 
22 
012(x) = T2 (1 - e)2 f 
022(r) =r (1 - e-2arT). 2a,. 2a,. 
ß(r, w) =ß (r) - wß (r), 
T2 
car 
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Thus the price of the bond at time t will satisfy the following equation 
St (T, y, A(t)) = exp {o0 + 01A1(t) + 02A2(t) + Blµi + e2µ2 +1 [02C11 
+(91C12 + 02C22)2]J T+ a(T, w) -0 
(rß GJ)rt (6.15) 
or equivalently 
dSt (T, y, A(t)) = St (T, y, A(t)) 
1 
w) - rtdß(T, w) +1 0(r, w)2drtdrt 
-, 6(T, w)drt + 61C11dT1 + (01C12 + 02C22)dIV J. (6.16) 
Because a(-r, w) and ß(r, w) are time deterministic, we could obtain that 
dca(T, w) = -dai(T) +wda2(T) + 
2d011(ß-) 
- wd012(T) + 
1wZd022(7) 
z 
(Pr - {µre-«r) + w/. rare-«rT +2- 
(Tr 
2a3 
(2ar - 4are-«T + 2are-2ar` 
r1 
-w 
(1 
- e-arT)e-"r'' + 2w2UTe-2arT 
dT 
T 
= 
[(Pr 
- pre) wµrarer' -1 (2ar - flarer + 2re2` 1 22a3 1 
-}Wir (1 - e-«rT)e-«rT - 
2w2are-z«rT dtv (6.17) 
r 
and 
do(T, w) = 
Thus 
dßi(T) - wdß2(7-) 
(-e-cl''T - ware-"*T )dt. (6.18) 
dst (T, y, A(t)) 
ß 2ar 
= St (T, y, A(t)) (µr - Pre-CYT) - Wflrare- 
T 
2 2a3 
(tar - 4are-QT + 2cýre 
-) 
r 
2(7Te-2arr +w (1 - e-)e -arr dt + rt(e-«r' + ware-*r )dt 
r 
1- e-r' 
-( - we-'r' )Q,. dWt + rtdt - rt(e-'tT + ware-°`r'r)dt - (jcr ar 
11 e-2aT e-ctr 
-µre-ar'' - arprwe-ýrT )dt + Q2 ++ wse-zar -2 2r aT aT a* 
we-orr we-2arr 
-2 at. +2 C fr + OiC1ld'1 + (01C12 + B2C22)dLVt r 
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(1_e_ckrT 
= St rt dt - ar 
+02Ci22)dWt 
J. 
6.3 Conclusion 
- we-'r) QrdWt + OlClldW 1+ (01C12 
(6.19) 
In this chapter, we introduced the two factor stochastic mortality model. The two 
factor model considered the evolution of the mortality curves and the mortality 
improvement over the time. Based on this model, we simulate the price of a pension 
annuity, and investigate the linearity between annuity price and the model factors. 
Using the approximate linear prices, we closed the gap between the discrete time 
model and the continuous time model. Taking the interest rate risk into account, we 
gave the dynamics of the annuity price process with different interest rate models. 
The results obtained in this chapter will be used with martingale approach in the 
following chapters. 
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Chapter 7 
Martingale Approach with 
Stochastic Interest Rate 
Until now, we have assumed that the interest rates are either constant or a 
deterministic function of time. This looks like reasonable assumption for short 
term period, but for longer time periods, especially for some insurance product, the 
interest rate should be modelled more accurately. In this chapter, we introduce a 
one-factor stochastic interest rate model, which allows the instantaneous risk-free 
rate of interest to be stochastic. 
In this chapter, we introduce so-called affine interest rate models and some 
named one factor interest rate model first. Then we will use the stochastic interest 
rate model to solve the Primal Problem 3.2.5, work out the investor's optimal 
terminal utility and the optimal trading portfolio process. We also investigate the 
effect of the longevity security in the investor's trading portfolios. 
When we take the longevity risk into account, we introduce an annuity asset 
model based on a two-factor mortality risk model (see Chapter 6). We look for the 
investor's optimal terminal wealth and the trading portfolio which can solve the 
primal problem, and investigate how a newly issued insurance linked security affect 
the investor's trading decisions. 
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7.1 Stochastic Interest Rate Model 
Let us assume that the market is arbitrage free and complete. In this section, 
we will review one-factor diffusion interest rate models for the term structure of 
interest rates. It takes the spot interest rate as a single state variable, so it contains 
all the information about the term structure. 
We assume that the instantaneous short rate rt satisfies the following diffu- 
sion process 
drt = a(rt)dt + ß(rt)dW', (7.1) 
where a(. ) and ß(. ) are known functions of rt. Wi is a standard Brownian Motion 
under real world measure P. Let us denote by r, the market price of the interest 
risk, then the short rate dynamics under the equivalent martingale measure Q is 
drt = aQ(rt)dt + 0(rt)dWt , 
where W° is a Brownian Motion under the measure Q, and 
W1 = wI +71t, 
and 
al(rt) = art) - Q(rt)Ti. 
In this thesis, we assume that the dynamics of the short interest rate only depends 
on current short rate rt and the time to maturity of the asset, then we call this 
kind of model as time homogeneous model. Otherwise it is called time inhomoge- 
neous model. Now, let us introduce some well-known short rate interest rate models: 
Merton's Model 
The first dynamic, continuous time model of the term structure of interest rates was 
introduced by Merton (1970). In this model, the short rate follows a generalized 
Brownian motion under the equivalent measure Q 
drt = adt + ßdW 1. 
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One of the inappropriate properties of Merton's model is the constant drift of the 
short rate. With a constant positive (negative) drift, the short rate is expected to 
increase (decrease) in all the future. The other inappropriate property is the short 
rate in the Merton's model can be negative with strictly positive probability. Both 
of them are certainly not realistic. 
Vasicek's Model 
As the evidence shown from the empirical studies, rt exhibits mean reversion in the 
sense that if an interest rate is high by historical standards, it will fall in the near 
future. Conversely if the interest rate is low. Vasicek assumed that the short rate 
followed an Ornstein-Uhlenbeck process 
drt =b(v- rt dt + crodW 1. 
Note that it is the dynamics under the real world measure. The process is a mean 
reverting process, and the short rate is always drawn towards a/b, which we call 
the long-term level of the short rate. The parameter b will determines the speed of 
the adjustment. The Vasicek's model also allows the short rate to be negative, but 
the probability of it will decrease in the speed of the adjustment b. 
Cox-Ingersoll-Ross Model 
The CIR model was introduced by Cox, Ingersoll and Ross (1985), which is one of 
the most popular one-factor short rate models. They assume that the short interest 
rate will follow a square root process 
drt =b2- rt dt +, Q rtdW 1. 
Just as the Vasicek model, the CIR model exhibits a mean reversion around a long 
term level a/b. The only difference is the specification of the volatility, which is not 
constant, but an increasing function of rt, so that the short rate is less volatile for 
low levels than for high levels. The major advantage of CIR model comparing with 
Vasicek model is the short rate in CIR model can not become negative. 
To price an interest rate linked financial product based on the affine models, 
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let us define a function H(rT, T), which represents the payoff of an interest rate 
dependent asset at time T, and denote the price of the asset at time t by 
V(r, t) = EQ[e-f` n1 H(rT, T)I. ýt]. (7.2) 
THEOREM 7.1.1 The function V(. ) should satisfy the following partial differential 
equation 
at 
(x, t) + a'(r) 
äV 
(r, t) + 
2ß(r)2 ä22r - rV 
(r, t) = 0, (7.3) 
with the terminal condition 
V(r, T) = H(r, T). 
Proof. The relationship between expectations of a function and its partial differential 
equations is generally known as Feynman-Kac theorem, so the proof of the theorem 
c. f. Oksendal (1998, Theorem 8.2.1). 
Let us consider the dynamics of the price of a zero-coupon bond St with a fixed 
maturity date T, then HT = ST = 1. For any one-factor model of the type equation 
(7.1), applying the Itö's Lemma with St, we obtain that 
(US 
dSt = (r, t) + 
US+ 1 (r)2OSdt + (?. 4) at Or 2 ßr2 Or 
Note that it is under the real world measure. Since the function ST also solves 
the partial differential equation (7.3) and aQ(rt) = a(rt) - Q(rt)Ti, the drift of the 
zero-coupon bond can be written as 
Ost' 
(x, t) + a(r` 
2St 
(r, t) +1 ß(r)2 
aZSi 
= rSl + , 
Q(rtl 
Ost 
Tl, 
et )) er 2 ý2r t/ er 
and the volatility of St is 
nst =oh)ast, 
which is a stochastic process. So that we can write the dynamics of the bond price 
as 
dSt = St (rtdt + r](dW 1+ ridt)). (7.5) 
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7.2 Martingale Approach with Stochastic Inter- 
est Rate 
In last section, we have introduced the affine interest rate model, and some well- 
known one-factor models for the short rate, rt. In this section, we assume that rt 
satisfies the Vasicek model, thus it follows 
drt =b 
(v 
- rt 1 dt + o-odW 1, 
where a, b, and Qo are strictly positive constants. We denote by S° the cash account 
available for investment in the market, with 
dS° = rtS°dt. (7.6) 
From equation (7.5), we know that the bond price St satisfies 
dSt = St (rtdt + rj(dW' + r1dt)), (7.7) 
where r1 is market price of risk for the interest rate risk and the risk premium of 
the asset is T1ij. We assume that the stock price St, satisfies the following SDE 
equation 
dSt = St (rtdt + Q2(dWW + r2dt)), (7.8) 
where r2 are market price of risk for the equity risk and the risk premium of the 
asset is T2172. We still use St representing the non-tradable annuity asset in the 
market and it satisfies the following SDE 
dSt = Sö(rtdt+Qa(dWj +Tadt))), 
where r,, is the market price of longevity risk in the annuity. We also assume that 
the various Brownian motions Wt, for i=1,2, a are independent. If we use the 
annuity as a new numeraire, we will obtain that 
'L tu =d 
Sä 
= 
la 
dS° + S°d 
la 
-{- dStod 
la 
St St St St 
= S°[rtdt - (rtdt +a (dWW + Tadt)) + Qndt] 
= S°((ßä - Q'aTa)dt - QadWt ). (7.9) 
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Similarly, 
/\ 
dSt =dISI= Si ((ý2 + 717"l - Uara)dt + ridW 1- Qa, dWt ), 
dSt =dI 
t2 
I= S'i ((Uä + U2T2 - 7aTa)dt + Q2dWt - 7adWW ). 
\ t/ 
Recalling from Definition 3.1.5 that a state price deflator Zt EM (S°, Sz , St) is an 
Ito process which follows the SDE 
dZt = Zt(Aodt + A1dWt + A2dWt + AadWt ), (7.10) 
where A0, Al, A2 and Aa, are constants. Since Zt EM (S°, St, St 2), for all tradable 
assets St, (i = 0,1,2), ZtSt is martingale. Equivalently 
Zt = exp 
(Ao 
- X2 
1 
- 2a2 - 
2aa 1t+ Ä1W1 + A2W2 + aaWa . (7.11) 
With the application of the Itö's lemma to the product of §'Zt, we can obtain that 
dZt§t' = 5°dZt + ZtdS° + dZtdS° 
= ZtS°[Aodt + AidWt + A2dWt + \QdWt 
+ZtSt'[(a - Qara)dt - QadWt ]- Zt§oAacadt, 
dZt§t = ZtSt [aodt + \1dW1 + A2dW2 + \adWt ] 
+ZtS [(Qä + I1T1 - Qara)dt + iidW 1- aadWt 
+Ztst (A1 j- Aaaa)dt, 
dZtSt = ZtSt [Aodt + Aid 17Vtl + A2dWt + AQd t) 
+Zt§t [(aä + (72T2 - Uara)dt + Q2d 7V - aadcVV 
+ZtSt (A2Q2 - Aavn)dt. 
For each of the ZtSt to be a martingale, the three drift terms in the above equations 
are equal to zero, thus we get the following equations 
Ap--+ Q2 a-QaTa-AaUQ=0, 
Ap+Qä+7)Tl -QaTa'+'7)A1 - 
Aa7a = 0, 
'\O + Ua + U2T2 - Qara + U2Ä2 - 
AaUa = 0. 
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Solving the above equations, we obtain that 
Al = Ti, -A2 = -T2, AO = 0-a. Ad - Qä + UaTa. 
(7.12) 
From above, we can see that Al and A2 are equal to the market price of risk of bond 
asset and the equity asset respectively. It is mainly because that, although we have 
introduced a new numeraire, it will not affect the trading of asset 1 and 2 because 
of the independence between the numeraire and the assets, and the non-tradable 
property of the annuity asset. 
Let ht = (h°, ht, ht) be a self-financing portfolio process. Thus, according to 
the definition of self-financing, the wealth process Xt in numeraire St is given by 
d5 = d(Rh) = h°dS° + ht d, §t + ht dSt . (7.13) 
7.2.1 Utility Optimization Problem 
Let us assume that an investor in the market has the following power utility function 
xy U(x) =-, 
where -y is risk aversion parameter and -y < 1, then we will obtain the following 
theorem. 
THEOREM 7.2.1 For an investor with a power utility function, the Primal Problem 
3.2.5 is solved by the optimal trading strategy 
ry) 
7ri =1- ýt - ýt (7.14) 7rt 
Ti 
ß(1-Y)I 
7rt 172 
with optimal terminal wealth (in units of ST) 
121 ý1 - 2ryýýT1ý2 1 ý1 - 27ý1T2ý2 C= xexp 2Qa - oa7a -I- 2 (1 -, Y)2 
-I- 2 ý1 - ry)2 
T 
-1 T1W 1-1 T2Wý - aaWT , 
(7.15) 
1-'y 1-ly 
and the Dual Problem 3.2.7 is solved by the optimal stochastic process which satisfies 
the SDE 
dZt = Zt 
(QaTa 
- 02 y)dt - rid Wt - T2dWt + (7a(1 - -y)dWt (7.16) 
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Comparing with Theorem 4.2.1, we can see that this is an extension of Theorem 4.2.1 
with two risky asset instead of 1. The proportion of wealth invested in the equity 
asset is not affected with the bond asset. It is mainly because of the independence 
between bond asset and the equity asset. We will devote the remaining part of 
this section to the proof of Theorem 7.2.1 (note the the proof of the theorem is quit 
similar as the proof of Theorem 4.2.1). We start by looking for the optimal Zt which 
could solve the dual problem 
v(y) = inf f E[O(VZT)], 
where U(y) is the convex dual of U(x) (see Section 3.2). For an investor with a power 
utility function, the convex dual of a power utility function satisfies (see Section 3.2) 
1-Q 
U(y) _ ýQ 
where ß= ry/(1- y). Then for a given ZT 
ELÜ(YZT)] =E 
(ß 
(yZT)-ß1 
y-a E[ZTp] 
Q 
= 
,a 
(A2(Aa 
-f'2 (ßA1)2T + 
1(01\2 )2T + (0Aa)2T 
-Q yQ 
exp - ßAOT + 
10(1 
+ ß) (A + A2 + \a)T . 
(7.17) 
Combining this with equation (7.12), it follows that 
112121 Ap + Qä - QaTa 
)2] 
E[Ü(YZT)] =ß exP -ß E'\° - 2T1 2T2 T a 
+2 (ßT1)2 + lQT2)2 +12 
rj 
Ao + Qý - QaTa 
2 
T (7.18) ia 
Differentiating equation (7.18) with respect to A0 and making it equal to zero, it 
yields 
dq A0 i'Ua- aaTa _'_Z-_T 
(ýý 
(y. /ZT)] _ -N '+' 
U2 
'i- ß2'\0 ý2 aa=0 
0EUaa 
2 
i\0 =-1+ß+ gala = -7'Uä + a'aTal 7.19) 
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thus 
Aa 
Ua 
= (1 -'y)cTa" 1+p 
Together with equation (7.12), we obtain the optimal state deflator process which 
can solve the dual problem 
dZt = Zt 
[(u., 
r. - Qäry)dt - Tidal i- T2dWt + Q. (1- ry)dWt 
I, 
(7.20) 
note that the equation (7.20) agrees with equation (7.16). 
From equation (3.28), we know that the investor's optimal candidate termi- 
nal wealth should be 
C= I(Y(x)ZT), 
recalling I(. ) is the inverse function of U'(. ), and y(. ) is the inverse function of 
X(. ), (X (y) = E[ZTI (yZT)])" 
For the agent who has a power utility function, we will have 
I(y) = v'll, 
and 
X (y) = ? l7-1 E(ZTp]. 
Thus 
(7.21) Y(x )= 
(E[; 
ß})' 
Such that, from equation (3.28), (7.11) and (7.21), the investor's optimal candidate 
terminal wealth, C, is given by 
E[2 13] 
(ZT)G 
_ xexp - [A0 - 21 
(1 - ß2)(A1)2 - 2(1 - 
ß2)(A2)2 - 
2(1 
- ß2)(Aa)2]T 
-I A1WT -1 A2 WT -1\, WT (7.22) 1-y 1 -y 1-y 
Taking the known expressions for ao, A1, A2 and A. into equation (7.22), we obtain 
the optimal candidate terminal wealth of the investor 
x exp 'yc -ß0r0+2(1-ßz)(Ti)2+2(1-ß2)(r2)2+2(1-2ry)Q2 T c_ 
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-11 Ti WT- 
1 
72WT-0aWa} 
121 (1 - 2'Y)(Tl)2 1 (1 - 2ry)(T2)2 
_x exp 2Qa - vaTa +2 (1 -, y)2 
-I- 2 (1 -, y)2 
-1 
1 
ryr1WT- 11 ryr2WT-QQWT}. 
(7.23) 
To find out the optimal trading portfolio process, we construct the wealth process 
by forming the martingale Mt = E[ZTý'IFt] and showing that Mt =Z 5C for ht E 
A(x). According to the martingale representation theorem, there exist progressively 
measurable processes Ol (t), 02 (t), IPa (t) satisfying 
almost surely and 
Aft = -I- 
Equivalently 
t f 
oi(u)du < o0 
0 
t ft Jo J ibi(u)dWW 
+0 
i=1,2, a, 
rt 
ii2(u)dW,, +J &ia(u)dW, a. 
0 
dMt = Jil(u)dWü + b2(u)dW + ibn(u)dW,. (7.24) 
With the application of Itö's Lemma, we obtain 
dXt =d Mt 
Zt 
=1 dMt + Mtd 
1+ 
d1V1td 
1 
Zt Zt Zt 
1 [ýl(t)dWtl 
atdW M adt+aidW1+A2dW2 
+A2dWt) - N1(t)A1 + ý2(t)A2 + ba(t)Aa)dt + Al (Ai + . \2 + \2)dt 
1 [[M(-o 
+ A+ a+ \= 1a a) - 
(V)l(t)Al + 0a(t)A2 + IPa(t), \a)]dt 
+(t1(t) - Mtal)dW' + (12(t) - A/1ta2)dWt + (fa(t) 
-AltAa)dWt . 
(7.25) 
Let us define the proportional portfolio processes i;, (i = 0,1,2), which represents 
the proportion of investor's wealth investor in each asset, (it = h4Si /Xi ), and also 
iro + ir1 + ire = 1. Thus from equation (7.13), the investor's wealth process, , is X 
governed by 
h 
!At- -7r°((uä - 
Qara)dt - Qa. dW°) +7r ((U + 71T1 - QaTa)dt + r, dlV 
1 
Xt 
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U2T2 - Uara)dt + a2dWt - cTadWt ) -o-0dWW) + ýi ((7 
+ 
_ (Qä - UaTa + 7r 71Tl + 7ft Q2T2)dt - Qa, dWW + iniidW 1 
+it cx2dWt . 
(7.26) 
Comparing the coefficients of dWt terms in equation (7.26) and (7.25), we obtain 
Zt(01(t) 
- MtA1) 
1 
Zz (IP2(t) - MtA2) 
Zt (V)a(t) - MtAa) 
1h 
7rtr7Xt 
2h 
it U2Xt, 
-QaXi . (7.27) 
To work out the value of fit (t) and ýt/' (t), we know that 
Me = E[ZTEI. Fi] = E[ 
2: E[ZT I. Pt]. (7.28) 
We define that Z -IT := rn(t)A(t), where 
m(t) := exp {y a(, t + 
ry 
2 
(Ai + \2 + \2)t 
1-y-1 2(ry-1) 
A(t) := exp 
z- 
2('y 1)2 
(. 1 + A2 
+ Aa)t + 
-Y 
- 
1(. 
ýýW1 + A2W2 + A2Wt) " 
We can see that m(t) is deterministic function, and A(t) is a martingale, so 
E[ZT I. Ft] = E[m(T)A(T) I. Ft] = in(T)A(t), 
thus from equation (7.28) 
x 
T- Mt = E[ZTýým(T)n(t)> 
(7.29) 
and 
.k= 
Aft 
= m(T)A(t). (7.30) Zt E[ZT'O]Zt 
So, from equation (7.29), (7.30), we have 
dA1 = Eý2Q, m(T)dA(t) T 
= E[Z- }rn(T)A(t) yy 1(AidWtl 
+ A2dWt + \, dWt ) 
T 11 
= Xt Zz 
y (a1dWt + A2dWW + AadWt ). (7.31) 
y-1 
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By comparing with equation (7.24), we obtain 
fi (t) = Xt 
Zr ry A1, and 02 (t) = Xt Zt 
ry A2. 
ýy-1 ry-1 
Taking b1(t) and 02(t) into equation (7.27), the optimal portfolio process follows 
and 
(XiZt ry ý1 - Mt, \l) rl n., 
ki 
zt -y-1 
lrt 1=1 
ry ý1 - \, ) = 
Tl (7.32) 
77 'Y -1 ? A' - 'Y) 
zt (Xi Zt 
yy1 
A2 - MtA2) = it Q2Xt 
lrt =1(y A2 - A2) = 
T2 (7.33) 
Q2 y-1 0'2(1-7) 
so 
it° =1- irr - in =1- 
Tl 
- 
T2 (7.34) 
77(1-7) a2(1 - 7) 
If we take the above portfolio processes into equation (7.26), it yields 
h22 dXt 
= (Uä - QaTa + 1T1 + 1T2 
)dt - QadWi -1 
71 dW1 -1 
72 dWW , Xt 
or equivalently 
22 
h2 Tl T2 (_Ti 21 
72 2 
1Or2 
dt Xt=x exp Qa - QaTa +1- 'y 
+1- 
-Y 21-)1- , Y)2 2a 
-UadWt - 
T1 
. "y 
dW 1- 
1 
T2 
"y 
dWt 
1-- 
1 1(1- 2ry)(Tl)2 1(1 - 2ry)(T2)2 
X exp 2Qa - QaTa -i- 2 (1- y)2 -I- 2 (1 - y)2 
t = 
-1 
1 
ryTiW1- 11 ýT2WW - 
QaWt . 
(7.35) 
Note that expression of equation (7.35) agrees with equation (7.15), when T= 
t. This implies that the portfolio processes we obtained above hedge the optimal 
candidate terminal wealth perfectly. Thus we can say that the equation (7.35) gives 
us the investor's optimal terminal wealth, and equation (7.34), (7.32) and (7.33) are 
the investor optimal trading strategy. The expected optimal terminal utility of the 
investor follows 
ý'h7 
E[U(XT)] =E 
(ý ) 
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X" 1s1 (1 - 2y)(rl)2 1 (1 - 2-f) (7-2)2 
ryE[exp{yl2oa-Qor. +2 (1-y)2 2 (1- y)2 
T 
-1' yT, 
iýT- 
1 
y-y T-7oa«Til 
sy z 1(1 - 2y)(rl)2 1 (1 - 2-j) 
(7-2)2 
=7 exp 
JýY(2I 
aa-QaTa+2 (1- y)2 
+2 
(1- y)2 
T 
Z2 
+2(lry 
-, y)2 
712T + 2(1 y)2r2T 
+2 V2a T 
s Zs x .7_ 
17 
exp ryý2(1 +7)C - QaTa +2 (irl)ý') 
+21 (1T 
)y)/T I. 
(7.36) 
COROLLARY 7.2.2 If we assume that It" and l4 t are correlated, which means 
dWVi dot 't4 = exit, then for an investor with a power utility function, the Primal 
Problem 3.2.5 is solved by the optimal trading strategy 
_ 
Tl - ýi aaP T2 o1-2 
7r I 7r, 
ßl(1 ---f) a2 (1 -Y)' 
art =1- ý_ mot , 
with optimal terminal wealth (in units of Sr. ) 
1 
_ ao z- oor1(1 
- 2-y) ((Ti)s + (TS)z) 'Ys zs . y2 
f 
L2 ,+2 (1 - . y)2 
- 2(1 -1, )2 °P 
+ (1 -y2) 
(7.37) Xr10QP T-ry CF. P 
ry71w, 
+1 
1ryrz14T-Qa1VTII 
an d the Dual Problem 3.2.7 is solved by the optimal stochastic process which satisfies 
the SDE 
dZt = Zg[(a4ra-7Qä+°aps 1'-rlaap)dt+(-yaap_rl)dWgl _T2d1V= +(1-, )QadiVi ). 
(7.38) 
Proof. To save the space, we omitted the proof of the Corollary, since it is similar 
to the proof of Theorem 7.2.1. For interested reader, please see Appendix B. 
REMARK 7.2.3 If we compare the portfolio processes in Theorem 7.2.1 and it in 
Corollary 7.2.2, we can find that the dependence between IV1 and IV= will affect 
the proportion of investor's wealth invested in bond asset and also the risk-free 
asset. The proportion invested in the equity asset is not changed because of the 
independence between t1 i and IV, *. 
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7.2.2 Issue of A New Asset 
To hedge the risk from the annuity asset S,, let us issue a new asset S= into the 
market, a longevity bond, for instance. The new asset only depends on the longevity 
risk from a pension scheme, so it will have the same random source as St, and it 
satisfies the following SDE 
dS3 = S, 3(rt + o3(dWVi + r3dt)), 
where a3 is the volatility of the new asset, and r3 is the market price of risk. After 
issuing the new asset, we can ree that the market is completed, and the primal 
problem becomes Merton's problem with 3 risky asset. 
If we still use the annuity asset as a numeraire, we will get the following 
market model 
ds° =d 
ýS) 
=S'to(io; +a. ra)dt - oQdlVe ), 
dEl=dI S-" = St (ia2 + irre - Qara)dt + rtd1 Vgl - QadlVt ), 
dSý =d 
ýS 
=ý ((oä + 172T2 - QQra)dt + a2dWV2 - QQdlVt ), 
/ 3\ 
dSý =dt $f) = "Sý ((a. + O3T3 - oars - Q3Qa)dt 
+(`a3 - a4)d1t t ). (7.39) 
Applying Itö's Lemma to the product of Zt and S,, we obtain 
dZest3 = ZiS (. \odt + ald1V1 +) 2dlV + )QdWV= ) 
fZgJt ((a + 03T3 -a., r. - a3oa)dt + (Q3 - Q0)dW vt 
+ZZSt3J1. (Q3 - Qr)dt. (7.40) 
After the issue of the new asset, from Definition 3.1.5, the state price deflator Zt sat- 
isfies ZZ E M( , so z is a martingale. According to the martingale 
property, the drift term in equation (7.40) should be equal to zero, thus we get 
np-FOä+U3T3-QaTa-Q3Qa+., (Q3-Ua) =0. (7.41) 
For an investor with a power utility function, we get the following theorem. 
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TIIEOiu ! 7.2.4 For an investor with a power utility function, after issuing a new 
asset S? , the Primal Problem 3.2.5 is solved by the optimal trading strategy 
7th1 
Ti 
IA' - 7)' 
7r=2 _ 
TZ 
rye, a2(1 - 
3 TS la. 
art _a3 1-ry-1_7 
with optimal terminal wealth (in units of Si. ) 
7r° =1- 7ri - 7ri - 7r , 
c- scxp{_ la, (r_r3) 2(1_02)ri _2(1ß2, r2 _2(1_Q2) 
xaä(r4-r3)2JT+ rl ttT+ 
l 
r2 \211, T1 (7.42) 77 'Y J 
and the Dual Problem 3.2.7 is solved by the optimal stochastic process which satisfies 
the SDE 
dZ, = Z, [oq(r, - r3)dt - rld«, 1- rzdll t+ (a° - r3)dIV= J. (7.43) 
We devote the following part of this section to the proof of the theorem. 
From equation (7.12) and (7.41), we obtain that 
A=-T3+Qa, and ^O=Qa(Ta-T3)" 
Thus the new state price deflator Z1 follows 
dZc = Zg[a. (ro-r3)dt-rld«t IY2 +(Qa-r3)dIV1], (7.44) 
From equation (3.28), the investor's candidate optimal terminal wealth is given by 
C= 
EEZ 1(ZT) 
= xexp 
PLO- 2(1-ß2)(m)2 
- 2(1- ß2)(a2)2 
2(1-ß2)(aa)2]T 
'_ 11ý. 
ý1tt T- 
11 ry. 
1y1t T- 11 ry. 
ýa1t T 
= sexy{ - 
[Ca(T_T3)_ 
(1 ß2)r? -2(1-ß2)r2 
XOä(Ta-7*3)3JT 
1T1ryIt '- T 1T2ryA2 
«T- 1-rya«TJ. (7.45) 
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To work out the investor's optimal trading portfolio, let's define Aft = E[ZT(I Ft] = 
E[ZTS'Tj. J. From Lemma 3.2.4, M1 is a martingale, according to the martingale 
representation theorem 
je !t 
. 11ý =s+/ %'>> (u)d1V +J ý'*2(u)dUV ü+1O. (u)dWV., (7.46) Jo o Jo 
where ý' (t), I"2(t), io (t) are progressively measurable processes and satisfy 
Ie 
i0j2(u)du < oo 
With the application of Itö's Lemma, we obtain 
d5 = d(ZM1) 
- 
Zt0f(t) 
-'ZtdZZ - 
ZzdZd. 
if(t)+ `23dZtdZt 
Ict 
=1 
f(t)di' 
+ t; *2(t)d1I'2 + L'ºQ(t)d1t'°- ! ie(%bdt + a1dlv1t+ asdIVt2 ZlL tt tt 
+\2dWW ý) - ('1(t)A1 + L''2(t)X2 + t"a(t)J14)dt + A1t(ai + A2 + X2)dt J 
=t 
[+ a; + az + aa) - (01(t)A1 + t1'2(t)A2 + 1va(t)Aa)]dt 
+(v, (t) -4 ! 1A1)d1t t+ (02(t) - , ArtA2)dlt , '82 + ('0(t) 
-Alta)dIV a]- (7.47) 
We define portfolio processes 7r;, (i = 0,1,2,3), which represents the proportion of 
investor's wealth investor in each asset, so zr°+7rI +7r= +irt = 1. From self-financing 
theory, we know that the wealth process, ä= , is governed by 
A 
h= 7r° ((aä - a, ra)dt - a. dW°) + 7ri ((aQ + nrl - aara)dt + rjd1V 
1- aadiV= ) 
.kt 
+7rt((aä+asr2-aora)di+azd1tt -aadW ) 
+At((aa+a3r3-aor. -a3aa)dt+(a3-aa)dllta) 
(aQ - a0r0 +7fß tlrl + At O2T2 + 7rt a3(T3 - aa))dt 
+ai ldlt + 7r2 a2diIP2 + (7ri a3 - aa)djt =. (7.48) 
Comparing the coefficients of the dWl t terms in the equation (7.48) and (7.47), we 
obtain 
I 
ZtýV1ýtý-ý1leýoý = 7ri17. 
kt 
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Zý (4'ß(t) -4 fg Xa) _ in Q2A"i , 
lý (L'o(t) - .1 1A) = (7rt °s - QQ))l . (7.49) 
To work out the value of 'ý (f), we know that 
ý'llý = E(ZT<I. Fi) = E[Z } 
EIZ Iý: ). (7.50) 
Let us write that Z1 = rn(t)A(t), where 
m(t) := exp { 
ry 
71 4°t + 
2('Y 
ry 
1)2 
(, \1 + Az + \2)t 
1, 
A(t) := exp 
{- 
2(ryý 1)5(1\1 
+ az + aa)t + 
ry 
ry 
1(A1Tt 
tl + A2WV2 + A21Vt )ý. 
Note that m(t) is deterministic function, and A(t) is a martingale, so 
JJ 
E(z' I. 1t] = E[vn(T)A(T)(. Ft] = m(T)A(t), 
thus from equation (7.50) 
, 11ý = E[ZTd]m(T)A(t), 
(7.51) 
and 
At = 
Aft 
_ 
xd 
m(T)A(t). (7.52) 
'Z= E[ZT ] Zt 
Thus, from (7.51) and (7.52) 
in(T)dA(t) d. 11t = EýZTd] 
= atze 
7 (A1d<Vt + A2dWV= + . \. dlVt ). (7.53) 7-1 
Comparing it with equation (7.46), we get 
t'', ýt)Ze 
ry 
1a; 
i=0,1,2, a. 
7 
Taking V,, (t) into equation (7.49), the optimal portfolio process should be 
h Zi 7 AI -111=x1)_ýcrrýJtý, Ze 71 
7rt = 
1(7 -Y AI - al t) 1)= 
Tl 
Y) 
(7.54) 
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I (, t Zt ry az - Altai) = 7ri a2 t Ft -Y -1 
71 = 
1( ry az - as) = 
T2 (7.55) 
1) 7-1 a2(1-'Y) 
Zc 
(, ý, Zig ry (ii as -0, n). 'i 
7rj =1(2A. (a' - 
T3 + an) =1 
T3 'yaa ). (7.56) 
U3 'y -I a3 If 1 a3 1- 'y 
Taking the portfolio processes into equation (7.48), we obtain 
T= xexp{ -[ae(ra-r3)-2(1-, ý2)r1-2(1-ß2)r2-2(1-/32) 
xa, ý, (r+-r3)ýIT+ 
r'f1T+ T2ryazltT i-y3Iv }. (7.57) 
We can see that the terminal wealth obtained from the trading portfolio processes is 
the same as what we obtained in equation (7.45). Thus we have finished the proof 
of Theorem 7.2.4. The optimal expected terminal utility is 
E[U( )] 
=7Ef exp {- ti(ao - 162)()2 1\2 
7ryýýIIT 
-11 
'1'ýNaly; 
= 
x' 
exp -7A0+ 
(7ai)2 
+ 7(2)2 + 7iß)2 T 
7 2(1 - y) 2(1 -, y) 2(1--1) 
j 
2ýe 
ý%Oe(T3 - To) -}- 
ýi (TI)C 
+ 
7(T2)z 
+ 
i'(ao - 73)2T1. (7.58) 
=y{ 
2(1 - 7) 2(1 - 7) 2(1 - 7) 
Note that, when r3 = -yoa, i will be equal to zero, the investment in asset St is 
equal to zero. If we take it into equation (7.58), we obtain that 
zz X'Y E[U(Q _ ;t eXP 
{7 
2+ - aaTa 
+ 2(1 
1 
, ý) 
+ 2(1T? ry) 
T. 
It coincides with equation (7.36). 
REMARK 7.2.5 Comparing the trading portfolio processes in Theorem 7.2.4 and 
Theorem 7.2.1, we can see that irI and in are unchanged after issue of the new 
asset. This is mainly because the new issued asset is independent of the bond asset 
and the equity asset. We can also see that the portfolio process of the new asset 
depends on the volatility of the new asset, the volatility of the pension annuity asset 
and the market price of risk of the new asset. The first term of 7r= is the risk taking 
part and the second term represents how the new asset can hedge the longevity risk. 
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7.3 Martingale Approach for Longevity Bond 
In Chapter 6, we worked out the market price of a pension annuity based on the two 
factor stochastic mortality model, which gives a better prediction of the pensioners' 
longevity risk. We also gave two forms of the price candidates for the pension annuity 
asset, one is for the constant interest rate case (see Section 6.2.1), the other is for 
the stochastic interest rate model (see Section 6.2.2). In this section, we will take 
into account the effects of both the stochastic interest rate risk and the longevity 
risks embedded in the pension annuity asset, so we assume that the annuity asset 
St satisfies the following SDE (see equation (6.19)) 
d5l* =So'(r1dt+a4j(t)(d1Vt +rldt)+aa2(d1Vt" +r0dt)), (7.59) 
where a., (f) is a deterministic time dependent process and oat is a constant. From 
equation (6.19), we know 
1-e° 
Qo1(t) _-w. ý'Tý (7.60) cr* 
where, in this case, a,. = b, r=T-t and w is the time preference factor, 
aa = 
/O? ci21 + (01C12 + 02C22)2. (7.61) 
If we use this new annuity asset as the numeraire, we will obtain that 
d =d( 
S) 
dSto + d(-S! 
ta-) 
+d d(si) 
_ k[rgdt - (rtdt + aai(t)(dWV g+ rldt) + Qaz(dWVW + Tadt)) 
+(a., (t)2 + aL)dt] 
= Jj [((70 (t)2 +a- °ol (t)rl - a. 2ra)dt - QaI 
(t)d1V 1 
-oadlt 
Similarly, 
dSý =dI 
S`) 
= Si [(a. I (t) 2+ Qä + Tj - oai (t)ri - Qa2Ta - a01(t)tj)dt + rtdtiU' 
-\a&, (tt)d«i -a d«_ J, 
dSt2=d1"=§, 2 [(Qa1(t)2 +a+ 0272 - aoi(t)rl - Qara)dt + Q2dl UZ 
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-aal(t)dt1" - oad{ttj. 
Then we denote the state price deflator by Zt, (Z0 = 1), and Z= E Jet (S°, 
S= 
, 
St ) 
which satisfies the following equation 
dZ1 = Z1(Aodt + a1(t)dtt, l + A2dt1t + \,, dlVt ), (7.62) 
or equivalently 
zt = cxp 
{ 1. ' (4 
- 
2. 
\i (s)2 -2 az - 
)ds 
2 + aadtV; ) , 
(7.63) +I (\i (s)dtt ;+ A2dWa 
0 
where AO, A2 and A., are constants, al(t) is a time deterministic process because of 
the time dependent coefficient in the dtt 1 term in equation (7.59). Note that, for 
the tradable asset i (i = 0,1,2), ZZS, ' are martingales. With the application of Itö's 
Lemma, we can obtain that 
dZ1S° = S°dZt + ZZdd° + dZgdS° 
-= ZjS°[, Xodt + \I(t)dlt 
l+ asdit 1+A d« <J 
+Zc [(a41(t)2 + a. 22 -a., (t)r, - aar2)dt -a., (t)dWV' - a02dW 
-Z, (al(t)o., (t) + \. (t)aa)dt" 
+ dZcsi = Ze. i (Aodt + Al(t)dtt j+ A2diti 2+\. d«t ]+ ZtSt ca(t)2 
o 3++tri a" (071 -Oa2Ta-aai(t)tl)dt+rtdWVl -Qai(t)dlV= 
-aýdtt ti) + Zýsý (Aýif)n - ai(t)ani(ý) - Aa(t)°'a2)dt, 
and 
dZt§1 = Z1St [) odt + al (t)d1 
<+ A2d1t t+ )dl t]+ ZtSi [(ýQi(t)Z + cä2 
+a2r2 - aal(t)r1 - a. 2ra)dt + a2dl1 t- ari(t)dWU' - aa2dWVt 
+ZtEE ( 262 - )I(t)Cr l(i) - 
\a(t)O'a2)dt. 
According to the property of martingales, we should have 
'O + aaI(t)2 + a22 - QaI(, ) - a0 rz - \I(t)er a a2 l(t) - \a(t)a = 0+ 
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)ºu +4741(t)2 + aa2 + rgti - o41(t)Ti - Ja2Ta - Qal (t)1l + trai(t) - ýlýt)ýai fit) 
_)(i)aj = o, 
)o + anl(t)2 + 0+02r2 -aal(t)rl - 0', 2'r, + 
A202 - Äl(t)i7431(t) - 
\(&(t)Ua2 =20. 
From the last three equations, we obtain that 
AIM= a (t)-Tl, "2=-T2, A0=Qa2Aa-aa2+Qa2Ta. (7.64) 
From above, we can see that A2 is equal to the market price of risk of equity asset 
S8. This is mainly because that, although we have introduced a new numeraire, 
it will not affect the trading of asset 2 because of the independent relationship 
between the equity asset and non-tradable pension annuity asset. Comparing with 
Al we obtained in last section, A has been changed, this is mainly because of the 
correlation between asset S, " and §, 4. 
7.3.1 Utility Optimization Problem 
If we assume that the investor's utility function U(x) satisfies 
U(x) =y. 
where "y is the risk averse parameter and -y < 1, then we obtain the following 
theorem. 
TiIEOREM 7.3.1 For an investor with a power utility function, the primal problem 
is solved by the optimal trading strategy 
71 =1 
TI 
- 
ry 
QnlýtýJ r 
rý 1-ry 1-ry 
Z- TZ 0_ 1Z 
7th 
020 -ryýI 
? fl 1 -7ft -Tft 
with optimal terminal wealth (in units of ST) 
1z 1(1 - 2y)(TS)2 1(1- 2y) j exp 
T 
s 
[2az--O. 
2r. +2 (1_ry)2 
1 
T+2(1y)2 Jo 
+ýý Ii ý°ý(s)dtt; +11 
ýrz1t 
T Qnzlti T 
o 
(7.65) 
(Tl - cTal(s))2ds 
(7.66) 
and the dual problem is solved by the optimal stochastic process which satisfies the 
SDE 
dZZ = Zt[Qa2T'a - yo 2dt + (17,41(t) - rl)d' tl - T2djVt + (1- ry)O'azdlY= 
]. (7.67) 
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The proof of the theorem is quit similar as the proof of Theorem 7.2.1. We still 
start the proof by looking for the optimal state price deflator process which solve 
the dual problem. For an investor with a power utility function, we know that the 
convex dual of the utility function is 
U(Y) _ ýý, 
recalling 6= ti/(1 - ry) (y is risk aversion parameter). Then 
EIU(yZr)) =E 
[Q 
(VZr)'$ 
d 
-I 
(1 111 
" E[ 
ý 
dJo 
\ý - 2a1 
(s)ý - a2 - 2.1a Jds 
T1 
-d (al(s)dtt; + A2dtt'; + Ad1V) }J 
01 
exP 
{-dfr ýao 
-2 \i (s)2 -2 az -2 aQ Ids l 
d2Jr (A1(s)2+az+aa)ds }. 
oJ 
Taking the expressions of Al from equation (7.64) into it, we obtain that 
E[Ü(yZT)) 
^$ T1221 
*XO 
+ Qn2 - ýo2Tal 
2l 
_ ýPý-ß 
f 
ao-(oa1(s)-Ti) -2T2-2( 0a2 ) /ds 
2I 
T((a(s) 
22 
ý+ Qc2 Qa2Týa2 ß 
-Tl) +T2 +2) )ds}. (7.68) 
a2 
Differentiating equation (7.62) with respect to )o and making it equal to zero, it 
will yield 
d= 
-A+ßa°+aa2--On2Ta+N2'Xp+a! 
-Qa2Ta 
_0 d. ýO t2 Qä2 
ßa; 
2 2 (7.69) 
. p=- +Qo2Ta=-1Qa2+Qa2Tal l+ß 
so 
A° 
1+ß- 
(1 7)Qa2" (7.70) 
Thus, taking Jo, Al, J12 and A1, into equation (7.62), we can obtain equation (7.67) 
which could solve the dual problem. 
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From equation (3 2S), the investor's candidate optimal terminal wealth of 
the agent is given as 
C=E, (ZT)"1 
= sexy ( [70,. 22 - O. 2r. + 2(1 - 
02)rs + 
2(1 - 
2ry)a 2]T 
ll 
jT T 
+2(1- ýI) / (a., (s)2 - rl)s ds -L11 (O. i(s) - r1)dWV; +11 7r2TUT 
-0.211 T} (7.71) 
Let us define M1 := E(ZT(I. FII = E[ZT 4t111j. It is a martingale process because 
of ZZ E M(. ). According to the martingale representation theorem, there will exist 
progressively measurable processes{, ' (t), tý(t), which could satisfy 
01t 
%\, (u)2du < oa i=1,2, a, 
and 
Lt'ý(u)d{t ti +fV,. (u)I4U 1j, 
(7.72) All _+f VI(u)dlt;; + 
Jot 
0o0 
or equivalently 
01, = tsi(u)dlt. 1 +ý, I(u)dlt4 +ý,. (u)dllu. (7.73) 
With the application of Ito's formula, we obtain 
d5 = d(, 
III 
Z, 
= 
Z`d. 
11t+M1d( .) +dZZd(Ze) 
-1d tlt - .11 dZ1- 
1ý 
dZ1d. 11t + 
3' 
dZ=dZt - Zc 42 Zt Z: 
[(t)du1 
020A 1,2 +' (t)d1t'° J11t(xadt + A, (t)d'Vl 
+. \2dtt 't2 + )dtit 9) - W, tt)al(t) +'''2tt)az + tra(t)A. )dt + 1lle(al(t)z 
+A + \! )dtI 
= 
Z, 1 [. ý1, (-ý + a, (t)ý +) + aa) - ('1(t)A1(t) + 02(t)) 2 
+cs. (t)ý); dt + (01(t) - a1Sa, tt))di<, + (t'2(t) - A1ta2)dlV2 
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+("(r) - A1tA, )dl j4, (7.74) 
We define portfolio processes r;, (i = 0,1,2), which represents the proportion of 
investor's wealth investor in each asset, so pro + ir1 + 7r2= 1. The investor's wealth 
process, t t", is governed by 
A 
ý, 
f = aý((a. ý(t)ý +ail - a. ý(t)rt - a. r2)dt - aoi(t)dýt - aäzdi i 
+7ri [(a, 1(()= + o; = + rtri - ooi (t)rl - o. 2ro - a., (t)rt)dt + rtdWVg 
a&2d{{ iJ+ 7r2 8 
[(au1(t)2 + ao2 + a2r2 - a. 1 (071 - an2Ta)dt 
+a2d{<i - a. l(t)d1l" - aozd{1 tJ 
= [a02(t)3 + as= - a. l (t) rl - aaz r. + irl tt (ri -a., (t)) + 7ri a yr2 }dt 
-a. I(t)dttt -a. 2dUt1 +zrtltdII +xta2d1tt. (7.75) 
By comparing the equation (7.75) and (7.74), we obtain that 
-ZWO -. ! 1A2) 
y (0. W -11I: ß) 
= (q-aa1(t)). kt 
_ ria2Xi 
= `Qa2) (7.76) 
Thus if we can work out the expressions of y51(t), t, (t) and fa(t), we will find the 
investor's portfolio process. 
We know that 
Alt = E[ZTCj. FF) =z E[Z I. Fil. E[ZT d 
Let us write that Zý1' = m(t)A(t), where 
m(t) :_r 
I7 71 J'Aods 
-t- 2(7 
ry 
1)2 
10, 
(, \, (S)2 -F aä -ý ýa)ds }, 
A(t) :=m 2(ryý 1)z 
10 (A1(s)2 + az + \2)ds 
+ azdý +7J (a, (s)ýl: + A2dIV9 10 7- 
(7.77) 
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Note that m(t) is deterministic function, and A(t) is a martingale process, so 
E[ZT 1l. -t] = E[m(T)A(T)Irt] = m(T)A(t), 
thus from equation (7.77) 
Alit = E[ZTalýtým(T)A(t), (7.78) 
and 
Xt = 
Aft 
=x m(T)A(t). (7.79) Zt ELZTI. FFe]Zt 
So from (7.78) and (7.79), we obtain 
dMt = E[ZTp1, Ft]rn(T)dA(t) 
= Xt Zt 
ry (Al(t)dWl + A2dW2 + AadWW). (7.80) 
By comparing with equation (7.73), we get 
ý1(t) = Xt Zt 
' A1(t) and b2(t) = Xi Zt 
ry A2. 
ry-1 ry-1 
Taking hil(t) and '2(t) into equation (7.76), the optimal portfolio process should be 
Zt (Xt Zt 
y 
ry Al(t) - Al Al(t)) = (7r 77 - Cal (t))Xt 
and 
7rt =1( 
ry i11(t) - Al(t) '+' o-al(t)) =1 
['rl 
'7"(t) 
+ a., (t) 
77-y-1 7 1-I 
(Xt Zt y A2 - MtA2) = ýiý2ý, t Zt y 
/ )_ 72 7ft2 
1 
A2 A2 
Or21y -1- 0'2(1 - 
SO 
9fß 1-7f 9f2 
Tl-Qal(t) 
- 
T2 
ttt 77(1 -'Y) a2(1 -'y)ý 
If we take the portfolio processes into equation (7.75), the investor's optimal terminal 
wealth should satisfy the following process 
diit 
= aal (t)2 + U22 - Qal 
(t)T1 
- aa2Ta + 
71 
1 
mal (t) 
+ aal (t) \Tl - Qal 
(t)) 
Xt ( 'Y) 
+ 
72(12 '1)Q2r2 
]dt 
- Oral (t)dWl - Qa2dWt + 
(Ti 
(1 u01(t) 
+ craf(t) dWt 
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+ 72 a2dW2 (7.81) 
Or2(1 - 7) 
so 
Xt = xexp 
1(orl(9)2 
a+ ýa2Tl 
- T10a1(s) -'YT. Qal(S) +yoal(s)2 
T2 1 Tl - Ual 
(S) 1 72 22 
-Qal(S)Tl - Ua2Ta'+' 1 -'y 2ý 1 -'y 
)2 
2ý1- y) - 2Ua2 
ds 
-7. W7 + 
ýt Tl - Qal (s) dW8 + T2 Wt 
t 
0 1-y 1-, y 
f 
rt (Ual(S) - 7.1)2 1 Tl Oal(S) 2/2 T2 
x_ exp 1--2(1 -' 
) ds +I ßa2 - ýa2Ta + 1- ry 
1 72 1ft T1 - Ual 
(S) 
11T-2 
ry 
2 
21)2-2 
a2 t- QaWt +J dW, + Wt 
-ry 201- ry 
11 (1 - 2ry)(T2)2 1 (1 - 2-y) 
ft 
2= 
xexP 2aä2 - Ua2Ta +2 (1 
-, 1)2 jt+(1_)2J0 (7-1 - Oal(s))2ds 
+ 
It Tl - mal (S) dW8 +11 T2Wt - QaWt (7.82) JO 'Y 'Y JJJ 
We can see that equation (7.82) is consistent with equation (7.71), when t=T. 
This implies that the portfolio processes we obtained above can hedge the optimal 
terminal wealth. Until now, we have finished the proof of Theorem 7.3.1. Thus the 
expected terminal utility of the investor is 
E[U(XT)] 
7 
=xE exp ry 
1 
ßa2 - ýa2Ta +1 
(1 - 2ry)(2)2 T 'y T2WT - 76a2WT 
ry 22-, y)2 1-ry 
1 1-2 IT T 
+2 
1- 
ý)2 (Tl - Qal(S))2d8 -O1 
'y 
ry 
(gal(s) 
- Tl)dW8 
ry 22 
_ exP 
{ia2 
- ýa2Ta +1 
(1 - 2ry)(22) ]T +y 
y)27-22T ly 22 (1 - ry) 2(1 - ry) 
+ý2'7a2T + 
2(lry , Y) J 
(T1 
- Qai(t))2ds 
T2 ) 72 
_ exp ry 
2 (1-I- ry)(Ta2 - 0a2Ta +1 1T 'Y (1ý 'Y) 
+1 ry JT(rl -U al(S))2ds . 
(7.83) 
21-ry o 
REMARK 7.3.2 Comparing the trading portfolios in Theorem 7.3.1 and Theorem 
7.2.1, we find that it is not changed, when we use a new asset model for the 
pension annuity. This is because of its independence of the other assets in the 
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model. Another key finding is that the first term on the right hand side of equation 
(7.65) is equal to i= in the Theorem 7.2.1. We can call it the risk taking part for the 
interest rate risk. The second term shows the effects of the stochastic interest rate 
from the pension annuity, because, when the annuity asset is priced, the interest 
rate risk is also taken into account. 
7.3.2 Issue of A New Asset 
To investigate the impact of the longevity bond to the investor's portfolio process, 
let us issue a new asset in the market so that it can hedge the longevity risk in the 
annuity asset and assume it has the same form as St, so it satisfies the following 
SDE 
dSt = S0(rtdt + a01(t)(dW' + ridt) + an2(dWt + r3dt)), 
where r3 is the market price of risk from the longevity bond. The new issued asset 
complete the market again and the perfect hedging is possible. We assume that the 
dynamics of Si is 
3 
d, t=d 
Sl 
= Std 
Si 
+ 
Sý dSt + dSt d Si 
33 
= 
Sa 
dSt -St 2 
dSt - 
Sa 
2 
dSt dSt + 
Sä 
3 
dSt dSt 
t (t) (t) (t) 
= Si ca2(T3 - Ta)dt. (7.84) 
If we assume the investor has a power utility function U(x), which satisfies 
X7 
we will have the following theorem. 
THEOREM 7.3.3 For an investor with a power utility function, after issuing a new 
asset St, the primal problem is solved by the optimal trading strategy 
1 T1 T3 
_ 
72 
7rt 1- ry - 
QQl(t)CrnZ(1 
-'Y) 
rt 
X2(1 -'Y)' 
7r3 =+ 
T3 
7Co =1- 7ft - 7rt - 7ft t1 -'Y 0a2(1 -'Y) 
with optimal terminal wealth (in units of ST) 
fT 
(= xexp Qn2(Ta - T3)T ý- 
(1 
- 
Q2) (Ual(S) 
- Ti)2ds +2 
(1 
- ß2)l-22T 
0 
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a2)iýn2 Ta)2T - 
IT - Ti dW" ý- 1 
TZ WT 
y 
- 
ßa2 - Ta wý (7.85) 
1 --y 
and the dual problem is solved by the optimal stochastic process which satisfies the 
SDE 
dZt = Zt[O'a2(Ta - r3) 
dt + (o-al (t) - Ti)dWl - r2dWt + (aal - T3)dWt ]. (7.86) 
The proof of Theorem 7.3.3 is similar to the proofs of Theorem 7.3.1. Firstly, we 
need to look for the optimal state price deflator which solves the dual problem. After 
issuing the new asset, the state price deflator will satisfy Zt E .M 
(S°, Si , St , 
St ). 
Apply the Itö's Lemma to ZtSt , it yields 
dZt§t = ZtdSt + S't dZt + dSt dZt 
= Zt5t [) odt + Ua2(73 - Ta)dt + AidW1 + A2dW2 + AadWt ]. (7.87) 
According to the martingale property of Zj , 53 , the frift term of ZtSt is zero, so we 
have A0 = Qa2(Ta - 73). Combining with equation (7.64), we get 
Al (t) = aal (t) - 71, A2 = -721 Aa = t7a2 - 7*3. 
Thus the new state price deflator Zt follows 
dZt = Ze[ca2(Ta - T3)dt + (aal(t) - ri)dW 1- T2dWt + (7a2 - r3)dWt ], 
or equivalent 
[f0t(Tal(S) 
Z= Zoexp U 2(T-T3) t--T1)2d8+Tt-(72-T3)2t 
+J (Qal(s) - T1)dW8 - T2W2 + 
(Qa2 
- T3) Wt (7.88) 
From equation (3.28), the investor's candidate optimal terminal wealth of the agent 
is given as 
= E[ZTý] 
(ZT) 
T 
_x exp - 0a2 (7-a - 7-3) T+ 2(l - 
p2) (Qal(S) 
- T1)2ds + ß2)r T 
0 
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fT 
+2 (1 - ß2) (C'a2 - T3)2T -J 
Oral S) - T1 dWe +1 72 WT 
IT 
-ßa2 
-13 Wa (7.89) 
1- -y 
Te 
this is consistent with equation (7.85). To find out the optimal trading portfolios, 
let us define Alt = E[ZT(I. Ft] = E[ZTXTI. Tt], thus from Lemma 3.2.4, Mt is a mar- 
tingale. According to the martingale representation theorem, there exist processes 
Ol(t), 1b2(t), Oa(t), which satisfy 
and 
Equivalently 
ý(u)du < oo ip Jo, 
tt 
Mt =x+10 01(u)dW +f 
o 
i=1,2, a, 
t 
'tb2 (u) dWü +1 7b0 (u) dWu . 0 
dMt = b1(u)dWü +ýb2(u)dWü +'tba(U)dWü. 
Recall that 
Xt =2 1L1t. 
With the application of Itö's Lemma, we obtain 
(7.90) 
(7.91) 
dXt = 
Zt dMt + Mtd 
Zt 
+ dMtd Zt 
= 
Zt [V)l(t)dWtl 
+'ý2(t)dWt + ba(t)dWa - MM(aodt + AidWtl + a2dWi 
+X2dWt) - ()l(t)Al + i2(t)A2 + iPa(t)Aa)dt + MM(Ai + \2 + \ä)dt 
=k 
[[Mt(_Ao 
+ Al +. 12 + Aa) - (V 1(t)A1 + 02(t)A2 + ba(t)Aa)]dt 
+(i1(t) - MtA, )dWt + (i2(t) - Mta2)dWi + (ia(t) 
-MtAa)dWi . (7.92) 
We define portfolio processes it, (i = 0,1,2,3), which represents the proportion of 
investor's wealth investor in each asset, so ir°+in+ii +it = 1. From self-financing 
theory, we also know that the wealth process, Xt , is governed by 
h 
Xh = 
[(1 
- 7ft) 
(7al(t)2 + ßa2 - oal(t)Ti) - Qa2Ta + 1rt r)(T1 - Aal(t)) 'i-1 (7272 
t 
+7rtQn2r3]dt 
- (1- art)(ual(t)dWt - Ua2dWt) + inrýdW1 
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+irt Q2dWt . 
(7.93) 
By comparing the dWt term in the equation (7.93) and (7.92), we obtain that 
Zt (ýGý(t) -M A1) _ (7t7) - (i - 7rt)0, a, (t)). k , 
Zt (02(t) - AltIX2) = 7r2 t Oý2t 
Zt ( a(t) - MtAa) = -(Z 7ft)'7a2) " 
(7.94) 
We also know that 
Aft = E[ZTEJ. Fg] = E[ZT Q] 
E[Z I. FF] (7.95) 
Let us write Ztl-T = m(t)A(t), where 
t 
m(t) := exp 
ry 
1t 
nods + 
1)2 
I 
(ý1(s)2 + Az +A )ds J 
ýY- 
o 2( 'Y- 0 
A(t) := exp -2 
rye 
12f 
t(Ai(s)2 
+ \2 + \2)ds ('Y )o 
tl 
+, 
ý 1f 
(A1(s)dW8 + A2dW, + A2dW; ) }. (7.96) 
Note that m(t) is deterministic function, and A(t) is a martingale, so 
E[ZT l, 'Pt] = E[m(T)A(T)I, Ft] = m(T)A(t), 
thus from equation (7.95) 
Aft 
E[ZToI. Ftým(T)A(t), 
(7.97) 
and from equation (7.91) 
Xt = EýZTýýýt, Ztm(T)A(t). (7.9sß 
From equation (7.96), (7.97) and (7.98), we obtain 
x dMt = m(T)dA(t) E[ZT jFt] 
e 
= Xt Ze 'Y 
1' 
1J 
(A1(t)dW 1+ A2dWt + \a, dWt ). (7.99) 
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By comparing with equation (7.90), we get 
fa(t)=XtZt ry Ai i=0,1,2, x. 
ry-1 
Taking ); (t) into equation (7.94), together with the known expressions of Aa, the 
optimal portfolio process should be 
zt (., khZt-f 
t71 Aa - Aft Aa I= -(1 - it )aa2J 
2 7ft =1-1a 
2 11 -y 
Aa) 
\2 
ý1 
-3) 
(7.100) 
Zt 
t Zty i(t) - A1t\1(t)) = 
(7r ij-(1- 
-1 
ryry 1ý1(t)-ý1(t)+(1-? 
ft)oral(t) 
1 T1ryý02t)1T3ry 
77 
(7.101) 
1h2h 
Zt XeZt, i, 
A2-MtA2 =1tc72Xt, 
7r =1 A2 - A2 = 
72 
71 Q2(1 - 
(7.102) 
'y-1 ry) 
Taking the portfolio processes into equation (7.93), we obtain 
(1 
- 
ß2) (a (9) Tl)2dS +2 (1 - ß2)T22T 
XT 
=X exp - Qa2(Ta - T3)T +2 
f 
-ý(1 -Q2)(Ua2 _T3)2 
T 
T-J 
Ua11S) 
ý_ 
T1dW; 
-I- 1 
72 
WT 
2o 
'Y 
Qa2T3Wa 
(7.103) 
1-ry 
We can see that the terminal wealth obtained from the trading portfolio processes is 
the same as what we obtained in equation (7.89). Thus we have finished the proof 
of Theorem 7.3.3. The investor's optimal utility follows 
T 
E[U(XT)] =, E exp -'ycTa2(Ta - 7-3)T + 2ý 
(1 
- X32) J 
(Ua1(S) 
- rl)2ds 
JoT 
- Q2)TT + -ß2) (5a2 -- 
tali S) 
y 
Tl dVV 
'ý" l 
ryý'ywT 
ry 
U1 
- y3WT 
7 
= 
ry 
exp ý'Cra2ýTa - T3)T +21y 07a2 - T3)2T '+' (T2)2T 
rT 
+ (Tl - (s))'ds] 
1. 
(7.104) 
0 
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REMARK 7.3.4 Note that, after issue of the new asset, in is not changed because 
of the independence between the equity and other assets. The second part in in is 
the risk taking part. The first term in it is independent on the volatility term, this 
shows that the longevity risk from the annuity can be hedged by the new issued 
asset. 
7.3.3 The Effect of The Longevity Bond 
Now, let us compare the expected utility before and after issue of the new asset, 
equation (7.83) and (7.104). We know that the only difference between the two 
market models is from the issue of the new asset, so this raises a new question: 
What is the certainty equivalent of the new asset? If we denote by w the certainty 
equivalent of the new asset, then we will have 
try 
- exp 
ry 
(x + w)" 
which gives us 
w= 
- lUa2(Ta - 7-3)T + 21 
2 
-1 
ry 
-y 
[(a2 
- T3)2T + 
(T2)2T + 1T(rl - Cal (S))2ds 
(Tl - Qai(. s))2ds 1 
(T)2 1T1 
exp 7 2(1-"'Y»L - Ua2Ta 2 (12 'Y) 
T+ 
21 
ry 
ry 
fo I 
1212 
21 - ry 
(7a2 - T3) T-2 (1 +Y)ca2T + 7a2T3T -1x 
(exp{1 
1(-r323- 
2Qa2T3ry +Y2ca2)T -1x 
exp 
11 (73 -'YQa2)2T -1X. (7.105) 
Note that we can see that w is always greater than or equal to 0 (recall that ry < 1), 
this shows that it is always optimal for investors to invest in the new issued asset 
St . If we assume that the 
investor will not invest in the new asset, then in = 0, we 
will have T. = 0a2'y. Taking it into equation (7.105), we get that to = 0. 
7.4 Numerical Example 
Let us illustrate how the investor's terminal wealth and the optimal portfolio process 
vary with (t, r) for a specific example. We will use the Vasicek model for rt, which 
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will allow us to obtain tractable results. Thus we will take 
drt =b- rt dt + aodW'. 
Recalling equation (7.59), (7.60) and (7.61), we know 
dSt = So(rtdt+Qai(t)(dWi +Tidt) +Qa2(dWt +TQdt)), 
and 
1- e-br 
Cal ýt) =b- we 
b 
0'a2 = 
V02CJ21 (01C12 + 02C22)2. 
The parameter in our model will be 
b=0.25, a=0.06 Qo = -0.02, 
rý = 0.1, Q2 = A/0 051 w=0.5, 
T1=0.2, T2=0.3, T4=0.25, T3=Tns. 
From the work in Section 6.1, we have 
01 = -0.333414,02 = -24.9879, 
C11 = 0.00611, C12 = -0.0000939 C22 = 0.000001509. 
(7.106) 
(7.107) 
We assume that the risk aversion parameter y= -10, (the relative risk aversion 
parameter is 11, so that the investor in the market is a cautious agent). 
Before the issue of the new asset, the investor's wealth process satisfies 
1 1(1- 2'y)(T2)2 1(1- 2-y) it 2 Xt =x exP 
[2U2- 
0a2Ta +2 (1 - y)2 
t+2 (1 - y)2 J (Tl - Qal(, s)) ds 
+t 
Tl - Qal 
(S) 
dw8 +1 7-2Wt - Qa2Wt i 
11 
-ry 1-7 
and after the issue of the new asset, the investor's new wealth process, k4% becomes 
r 
0t 
Xt = xexp 
2(1-/j2)J (Qnl(s)-Tl)2ds+2(1-Q2)T2t-I-2(1-p2)(Qa2 
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Figure 7.10: Dynamics of the investor's optimal wealth process before and after the 
issue of the new asset. Solid line: Investor's optimal terminal wealth before the issue 
of the new asset; Dot line: Investor's optimal terminal wealth after the issue of the 
new asset. 
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Figure 7.11: QQplots for the logarithm of the investor's terminal wealth process. 
(a) before the issue of the new asset; (b) after issue of the new asset. 
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Figure 7.12: Proportions of wealth invested in each asset. Top: before the issue of 
the new asset; Bottom: after the issue of the new asset. Solid line: proportion of 
wealth invested in cash; Dash line: proportion of wealth invested in bond; Dotted 
line: proportion of wealth invested in equity; Semi-dash line: proportion of wealth 
invested in longevity bond. 
135 
Before The Issue of Now Asset 
a 
a a 
................................... 
06 10 16 20 26 
Tins 
After The Issue of New Asset 
0 
ag 
05 10 16 20 25 
rki. 
Figure 7.13: Proportions of wealth invested in each asset for an extremely risk averse 
investor ('y = -3000, RRA = 3001). Top: before the issue of the new asset; Bottom: 
after the issue of the new asset. Solid line: proportion of wealth invested in cash; 
Dash line: proportion of wealth invested in bond; Dotted line: proportion of wealth 
invested in equity; Semi-dash line: proportion of wealth invested in longevity bond. 
2t 
t 
cral (s) - T1 dW 1+ T2 W2 - 
6a2 - Ta wa J 
ry 1 -ry t 1-ry t 
We will suppose that the investor's relative initial wealth x=1. Note that, according 
to Ito isometry, we can know that 
E 
tTlQal(s)dWl 2 
,Y 
_ 
lot (Ti TCal (S) eds. (7.108) 
1-ry 
So 
We also have 
tTl 
- aal`s)dWiNN 0, 
t Tl - mal(s) 
)2d8). 
Jo 
1-ry 
10 (1 -y 
It 
J 
(Tl 
- Qal(s))2ds 
0 
ft 1- e'b(T't) 2 
= 
(Tj 
+b- we_b(T-t) ao ds 
=JJt Tl +- cý + e-b(T-t) Qo 
gds 
0 
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Figure 7.10 gives us one sample path of the investor's wealth process before and after 
the issue of the new asset. Here we just give one sample path, we can see that the 
investor's wealth process after the issue of the new asset has a better performance 
than it before the issue of the new asset. If we plotted several sample paths, all 
will show the same effect. In this case, we will be much more interested in the 
distributions of the investor's terminal wealth before and after the issue of the new 
asset, thus let us take the logarithmic value of XT and XT respectively, we can 
obtain 
h121 
(1 
- 2-t)(T2)2 1(1-2-1) /'T 2 In XT = L2_2Ta +2 (1 - ry)2 
T+2 (1- 7)2 J (Tl - Qai(s)) ds 
+ 
fTTl Cal S1 
1- ry() 
dW8 +1- 
ýT2WT 
- Qa2Wq"r 
and 
fT 
Iný1'ý: = 
2(1 
-ß2)J 
(Ual(s) 
-Tl)2ds+ 
2(1 
-ß2)TZT + 2(1 -ß2)(Qa2 
2T 
- 
at 
Qal (S) - Tl dW 1+ 72 W2 _ 
(7a2 - Tataa. 
-Ta) T 1-ry 1-ry T1 -'Y 
Figure 7.11 gives us the QQ plot of In XT and Ink , the logarithmic value of 
investor's terminal wealth before and after the issue of new asset. We can see that 
both of them are normally distributed. 
Figure 7.12 shows that the proportions of investor's wealth invested in each 
asset. In the top graph, we can see that, before the issue of the new asset, the 
investor hold a constant proportion of wealth invested in the equity asset. This is 
mainly because we choose a simple equity asset model with constant parameters, 
and we are more interested in the affect of the new issued asset to the whole 
portfolio process. We can also find that the investor hold a short-selling position in 
cash and a long position in bond. Later on the bond asset will switch into cash so 
that the investor can pay the single premium for the pension annuity at the end 
of time horizon. In the second graph, after the issue of the new asset, we can see 
that the investors invest less in the equity asset comparing with it before the issue 
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Figure 7.14: Investor's terminal wealth process as a function of risk aversion pa- 
rameter. Left: before the issue of the asset; Right: After the issue of the new 
asset. 
of the new asset, and short cash and bond to finance the longevity bond. Since we 
assume that the longevity bond have the same effect of the pension annuity, at the 
end of time horizon, the investors can just hold a long position in it. 
In Figure 7.13, we can see that, for an extremely risk averse investor, the 
weight of the equity asset decrease to 0, and the investor will only play with cash 
and the bond asset. After the issue of the new asset, the investor will only hold 
the longevity bond to guarantee they can one unit of pension annuity at the end 
and give up all other investment opportunities. Figure 7.14 shows the investor's 
terminal wealth process as a function of risk aversion parameter. We can see that, 
generally, the investor will always have better performance after issue of the new 
asset. 
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7.5 Conclusion 
In this chapter, we introduced the stochastic interest rate into our market model. 
Then we have a cash account, a bond security, an equity asset and a pension 
annuity asset available for investment. We solve the Primal Problem 3.2.5, 
and work out the investor's optimal terminal utility and the optimal trading 
portfolio process. To make our work more practical we introduced a new form 
of the pension annuity asset model based on a two-factor stochastic mortality model. 
By issuing an insurance-linked security, we investigate the effect of the longevity 
security in the investor's trading portfolios. We find that the new issued longevity 
asset can help the investor to hedge the longevity risk from the pension annuity 
and is always optimal for investors to invest in it. We also give some numerical 
examples to show the investor portfolio changes before and after the issue of the 
insurance-linked assets. 
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Chapter 8 
Martingale Approach with 
General Numeraire 
The use of the risk-neutral probability measure has proved to be a powerful tool to 
price contingent claims in a complete market model. Sometimes, it is straitforward 
to evaluate the expected value under the equivalent martingale measures (e. g. pric- 
ing bond under the Vasicek model). In some other cases, such as in an incomplete 
financial market model, it will become more complex, while the financial engineers 
find that the calculation will be simplified if they make a second change of measure 
from the risk neutral measure. This is the so-called forward measure approach. We 
also find that the changes of probability measure are always associated with the 
changes of numeraire. Efficient selection of numeraire makes the derivation of the 
the optimal terminal wealth and the optimal portfolio process considerably easier. 
In this chapter, we will investigate the effect of a general numeraire to the 
investor's terminal utility and the portfolio process. We will start by setting up a 
market model with a general numeraire Nt. Then we will look for the investor's 
optimal terminal wealth and the optimal portfolio process, which can maximize 
their terminal utility. 
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8.1 Market Model Specification 
The framework of this chapter is the same as it is in Chapter 7 with some small 
changes. In order that this chapter is self-contained, the main difference is that, 
we will introduce a general numeraire, which can be a cash account, a bond or a 
non-tradable annuity asset, so that this chapter is self-contained. 
In this chapter, we will assume that the short rate interest follows the VaSicek 
model, so that 
drt =b- rtl dt + a-odW 1, 
where a, b, and Qo are strictly positive constants. The cash account available for 
investment in the market satisfies the following equation 
dS° = rtS°dt. 
We assume that the bond price process, St and stock price process, St, satisfy 
dSt = St (rtdt + r7(dW 1+ Tldt)), 
dSt = St (rtdt + Q2(dWt + 7-2dt)), 
or equivalently 
= exp r8ds - rj2t + irlt +j 
JS 
= exp rids -+ a2r2t + 
where Tl and T2 are market price of risk for the interest rate risk and equity risk 
respectively. The non-tradable annuity asset St satisfies 
dSt = St (rtdt + aa(dWW + Tadt)), 
or equivalently 
1 
8ds -1 alt + QaTnt + QaWt 
St = Sp exp 
110 
r 
Let us define a general numeraire Nt (Nt 0 0), which satisfies the following dynamics 
dNt = Nt[µo(t)dt + µl(t)dtivl + 112(t)dWt + pa(t)dWt ], 
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where po(t) is a stochastic process and pi(t), (i = 1,2,3) is deterministic function. 
Equivalently, 
( 
Nt = Noexp 5f 
(P0(s) 
- +µ2(9)2+µa(9)2) ds 
lf 
(iW 
++ p2(s)dW+ d(s)dW J 
We denote by St, (i = 0,1,2), the discounted asset prices under the numeraire Nt, 
thus it follows that 
/ 0\ 
dS° =dIJ. l= dS° +S°d(l -dS°d 
Nt Nt 
1 Nt I 
= S°[rtdt - (µo(tt)dt/+ µ1(t)dW\1 + /12(t)dW2 + µa(t)dWf ) 
+M, (t)2dt + M2(t)2dt + µa(t)2dt] 
= Sto[(rt - µo(t) + 111(t)2 + µ2(t)2 + _la(t)2)dt - 1. i1(t)dWr 
-µ2(t)dW2 - µa(t)dWt ]. (8.2) 
dS =d(Nt) = 
NtdSt 
+S°d 
Nt 
+dStd Nt 
= Si [(rt + i7ri)dt + ridWtl - (µo(t)dt + µ1(t)dW 1+ 1-12(t)dW2 
+µa(t)dWf) - i7mi(t)dt + 1,1(t)2dt + 1-12(t)2dt + µ4(t)2dtl 
= S°[(rt + 7)7-1 - µo (t) - 77ß, (t) + 1it1(t)2 + µ2(t)2 + µa(t)2)dt 
+(i -111(t))dW1 - Il2(t)dWt - tia(t)dWf ]. (8.3) 
dSt =d 
Nt 
= 
NtdS° 
+ S°d 
Nt 
+ dS°d Nt 
= Si [(rt + Q272)dt + Q2dWt - (tio(t)dt + µl(t)dWWl + µ2(t)dWt 
+µa. (t)dWf) - a2µ2(t)dt + 11(t)2dt + 112(t)2dt + µa(t)2dt] 
= St [(rt + 6272 - POW - t72112(t) + ill(t)2 '+' /22(t)2 + JLa(t)2)dt 
-µl(t)dW' - (t1,2(t) Q2)dWt - jia(t)dWt ]. (8.4) 
Recalling from Definition 3.1.5, let us define a state price deflator process ZN i (ZN = 
1) and Zt EM (S°, Sý , 
St) which satisfies the following SDE 
dZt = . Xo(t)Zt dt + Ai(t)Zt dW' + A2(t)ZNdWW + Aa(t)dWg , 
143 
equivalent to 
ft 
Zt exp J 
(Ao(S) 
- 2(ý1(S)2 + 1ý2(s)2 + 
i1Q(s)Z) dS 
0 
t 
+f 
(Ai(siw81 
+ A2(s)dW+ Aa(s)dW8 
J 
}, 
(8.5) 
oJ 
where Ao(t) is a stochastic process and Al(t), A2(t) and XQ(t) are deterministic pro- 
cess, and Zt St, (i = (0,1,2)) are a martingales. With the application of Ito Lemma 
to the product of Zt and St, we obtain that 
d(Zf S°) = S°dZt + Zt dSto + dZt d, S° 
= s°Z [(to(t) + rt - jo(t) + jiý(t)2 +J-12(t )2 + /10(t)2 - '11(t)a, (t) 
-µa(t)A2(t) - µa(t)Aa(t))dt + (A1(t) - µi(t))dWt 
+(A2(t) - 92(t))dWW + (A. (t) - µa(t))dWt ], 
d(Zf St) = Zt dSt + St dZt -I- dZt dSt 
= ZN Si [(Ao(t) + rt + irr - µo(t) - 71l11(t) + /11(t)2 + µa(t)Z + lýa(t)Z 
+ijal(t) - µ1(t)Al(t) - µ2(t)A2(t) -11a(t)aa(t))dt + (A1(t) - p1(t) 
+7))dW' + (A2(t) - µ2(t))dWt + (Aa. (t) - pa(t))dwt ], 
d(Zt Si) = Zt dSt + , 
Si dZt + dZt S't 
= Ztj St' [(Ho(t) + rt + 02T2 - jio(t) - 172/12(t) + {ll(t)Z + 122(t)2 + {1n(t)2 
+62A2(t) - /. Il(t)Ai(t) - /12(t)A2(t) - j1a. 
(t)Aa(t))dt + (A1(t) -p 1(t)) 
xdWl + (A2(t) - µ2(t) +Q2)dWt + (A (t) - I1a(t))dWt ]. (8.6) 
In order that ZNSt, (i = 0,1,2), is a martingale, the drift terms in the above ex- 
pressions should be equal to 0, i. e. 
Ao(t) + rt - 110 
(t) +i 1(t)2 +112 
(t)2 + JLa(t)2 - JL1(t))%l(t) - J12(t)A2(t), 
-µa(t)Aa(t) = 01 
Ao(t) + rt + ? IT, - /io(t) - 7%µ1(t) + µ1(t)2 +J12 (t)2 + Pa (t)2 + hA1(t) 
-li1(t)Ai(t) - µ2(t)X2(t) - Iia(t)Aa(t) = 0, 
Ao(t) + rt + 0'272 - µo(t) - Or2; -12(t) + µ1(t)2 +/12 
(t)2 + /La(t)z + u2A2(t) 
-111(t)'\1(t) - µ2(t)A2(t) - µa(t)Aa(t) = 0. 
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This yields 
A0(t) = PO(t) - 111(t)T1 - µ2(t)72 - rt - Pa(t)2 + µa(t))ia(t), 
Alt) = -Tl '+' /11(t), 
1\2(t) _ -72 + 1i2(t). 
8.2 Utility Optimization Problem 
(8.7) 
We have seen from the last few chapters that to solve the utility optimization prob- 
lem, the Primal Problem 3.2.5, we need find an optimal state price deflator process 
which can solve the Dual Problem 3.2.7. To do this let us firstly define a new process 
ZN St bt :=N 
t 
(8.8) 
which has the same function as the sate price deflator Zt . From equation 
(8.7), we 
will get that 
rT 
bT = Soexp J do(s) - µo(s) - Zal(s)2 - 2A2(s)2 - 2Aa(s)2 + 211(s)2 0 
JT + /12(S)2 + µu(5)2 + rs -+ QaTa ds + (A1(s)dW+ A2(s)dW 
T 
+(Aa(s) + a0)dW) -f (pi (s)dW8 + -12(s)dW + /1a(S)dW ) 0 
= Jo exP 
jT 
- Pl(S)Tl - {22(S)T2 + {2a(S)Aa(S) Z Tl)2 2 
-T2)2 - 
l\a(S)2 
+ 
'ill(S)2 
+ 
1{µ2(S)2 
- Ila(S)2 - Qä + UaTa dS 22222 
T 
+f ((, Ul (s) - ri)dW8 + (µ2(s) - T2)dW8 + (Aa(s) + o'a)dW, ) 
0 
T(1.11 j 
(s)dW, + µ2(s)dW8 + µn(s)dWe ) 
0 
{JT 
=J -- 
22 
- Q+ aara ds oexp --2) 
%T 
-T1WT - T2WT -J 
(Aa(S) + bra - Ila(8))dWe 
0 
As we have seen in Chapter 3, for an investor with a power utility function 
try 
U(x) =-. 
(8.9) 
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The convex dual of the power utility function follows 
V-0 U(Y) =y1 where ß=y Q1 -'Y* 
Then the dual problem can be solved by minimizing 
E[U(Y5T)] 
r 
_ 
(ßbß QEI 
eXP -ß 
IT ý- 2T1 
- 
2T2 
- Aa(s)2 - iia(S)2 
LT 
-}-QaTa I ds + ßr1WT + ßr2WT -, Q 
f (Aa(S) + Oa - fla(s))dWs 
}J 
0 
(y50)-Q 
-J1111 _ exp 
'/2a(S)iýa(S) 
-- 272 - 2ýa(S)2 - Z/2a(S)2 -1 
\ %T 
+UaTa I ds + 
1ß2J 
Ti + 72 + (Aa(s) + Ua - l1a(s))2 ds . 
(8.10) 
/0)1 
The optimization problem of equation (8.10) over aa(s) is equivalent to minimize 
J(aa) "= 
T 
2Aa(S)2 tla(S)Aa(S) + 
1Pa(s)2 + Qaa(s)17a - ßAa(s)/1a() as. jo(2 
Now, we use a perturbation argument. By taking any function v(t), we define that 
Aa(t) := Aa(t) + Ev(t), 
and 
fW := Z1 ýalsý2 - ii 
(sýýalsý + 2ßAa(S)2 + PAa(S)aa - QýaISýýGaýSý d8. 
fT 
It is easy to see that, if Aa, (t) is optimal, then function f (e) should have a minimum 
at e=0. Differentiating it with respect to c, we obtain that 
T 
f'(E) =JA (S)V(S) - Pa(S)V(S) + 
ßAa(s)v(s) + ß()a - 
ds 
jT 
= Aa(S)V(S) + EU(S)2 - Jla(S)V(S) + 
/3Aa(S)V(S) + QEV(S)2 + ßV(S)Qa 
-/ýv(s)µa(s) ds. (8.11) 
When E=0, by setting f'(0) = 0, it yields 
T 
U= fl(O) =J 
Aa(Sý 
- ýýalsý + PA"(s) + QQa - 
oil. 
(S) u(S) 
d5. 
0 
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Because v(t) is an arbitrary function, we can choose that 
V(t) = Ani) - A. (t) + PA. (t) + ßu.. - oll. 
)- 
Thus 
T2 
+ o= f'(O) = 
Jo 
NAa(s) '+' 0'a - 
/3µals)J ds, 
which yields that 
A. (t) = --yo-, + 11, (t), (8.12) 
so, from equation (8.7) 
A0(t) = µo(t) - µi(t)T1 - µ2(t)72 - rt - µa(t)'Yýa. (8.13) 
Hence from (8.7), (8.12) and (8.13), 
111 
St = exp -2 Ti -2 Tz -2 (rya)2 - 2vä + v67'a t C 
-T1Wt1 - 72Wt - 
ý1 
-'YýQaWt 
(8.14) 
or equivalently 
dbt = 5t[-T1dWt - T2dW2 - (1 - -y)andWt ]. (8.15) 
REMARK 8.2.1 If we assume that Nt = 1, which implies that µ; (t) =0 for i= 
0,1,2, a, then from equation (8.7), we can obtain that the state deflator process 
satisfies 
dZt = Zt [-rtdt - T1dV 1- T2dWt - 'yQndWt ]. (8.16) 
If we assume that Nt = S°, which implies that µ1(t) = rt and µi (t) =0 for i=1,2, a, 
then the price deflator process becomes 
dZt = ZN t [-T1dW 
1- T2dWt - ryQa. dWf ]. (8.17) 
We can see that, in this case, the price deflator process is a martingale process, and 
all the parameters Al are constants. This shows that, if we choose Nt = S°, we can 
simplify the calculations in the above part. 
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Recalling equation (3.26), the investors relative optimal candidate terminal wealth 
which can solve the Primal Problem 3.21 follows 
(öTýryll, ýö. 18) 
E[(ÖT)-, ß] 
Thus from equation (8.9) and (8.12), we obtain that 
E[(5T)-a] 
STryl1 
= xexP{L2(1 
1'Y-ß-ß2)(Ti)2+2(1 1 
-ß-ß2)(T2)2+2(1 
1 
ry -Q 
- 1)(7Qa)2-F 2(1 
l 
-y 
-ý)ýö - (1 
l 
-Q)ffaTa]T -11 ryr1WT 
72W; -6aWT} 
1-ry JJ 
r12 1(1 - 2ry)(Tl)2 1 (1 - 2ry)(T2)2 
= xexP j 2Qa - QaTa -I- 2 (1 - ry)2 
+2 (1 -, y)2 
T 
-1 
1 
71W1T -11 
ryT2WT 
- UaWT}. 
(8.19) 
ry 
REMARK 8.2.2 We can see that, in equation (8.19), the investor's terminal wealth 
process is consistent with equation (7.15) and does not depend on pi(t). This implies 
that the choice of the numeraire has no impact on the investor's optimal terminal 
wealth, however choosing a suitable numeraire can lead us to the same answers and 
simplify the process of calculation at the same time. 
To work out the investor's optimal trading portfolio, let us define that 
Mt := E[5TCIYt] = E[(Sý'XTI. Ft. 
According to the martingale representation theorem, there exist progressively mea- 
surable processes 01 (t), 1'2(t), Oa(t) satisfying 
Jidu<oo t 
i=1,2, a 
almost surely and 
Mt =x+f 1(u)dWü + 
ý'2(u)dWü 
+ 
ý'ýa(u)dWu. (8.20) 
ttt 
o Jo Jo 
Equivalently 
dMt = tIil(t)dW 1+ t2(t)dWt + 0a(t)dWi . 
(8.21) 
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According to the martingale property of Aft, it is easy to see that 
h Mt 8.22 
With the application of Ito's formula, from equation (8.15) and (8.21), the dynamics 
of the wealth process under the numeraire St satisfies 
dS = 
ýt dAlt + Aftd I 
L) 
+d 
(fit ) 
dAlt 
= bz 
[(V)l(t)7'1 
+bi2(t)T2 +Oa(t)(1 _'y)Qa)dt + (h)l(t) + Mtrl)dWl 
+(V)2(t) + MtT2)dWt + (ika(t) + Aft(1 - y)o-a)dWt J. (8.23) 
We define portfolio processes Irt = (7r°, 7t , it 
), which represents the proportion of 
investor's wealth investor in each asset, so iro + irl + 1r2 = 1. From self-financing 
theory, we also know that the wealth process in numeraire St, 
Xt 
, is governed by 
h dXh 
_ 7ro((U2a - Q0T0)dt - QadW°) + 7ri ((Qä + rlTi - Qa-a)dt + rldWl - aadWt ) Xt 
+7i ((t7 + a2T2 - QaTa)dt + Q2dWW - QadWi ) 
(, 72 2-a. -r. ý- 7ft 777'1 + 7rt a2T2)dt - aadWt +t r1dWt + cri a2dWt . 
(8.24) 
By comparing the equation (8.24) and (8.23), we obtain that 
Nt 
"ýZN (Y'1(t) +M1tr1) = 7rtýXt 
Nt 
and ZN -: 
t- (02 (t) + ATtr2) = 7rt 72Xz (8.25) 
To work out the value of 0t (t) and fit (t), we have known that 
Mt = E[6TCI. ''t] =ß E[8T I. ýa] (8.26) E[ T 
From equation (8.14), we can see that 
111 
b" = exp 
71-1, T -2 T2 - 
1(rya') 22 UQ + t7 r 
T1W1 - 
'y 
r2Wt QaWt (8.27) 
ry-1 'y-1 ry-1 
We can decompose b into the product of a deterministic term 
M(t) := exP 0QTat +1 
-Y (T2 + TZ)t +1 
^f + -t 
alt 
ý'y-1 
2(1- y)2 ia2 1-', a 
11 
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and a martingale 
Z (T+T+(1_)2) 
A(t) := exp -y2 
y 
T1Wt1 -y T2Wt 
y (1 - y)QaWt . 
(8.28) 
y-1 y-1 y-1 
Therefore 
E[6 j. 17i] = E[m(T)A(T)I. Ft] = m(T)A(t). 
Thus from equation (8.26), we get 
Nit = E[STQ] m(T)A(t), 
(8.29) 
and from equation (8.22), we obtain 
Xt 
St E[5T0]5tm(T)A(t). 
(8.30) 
Together with equation (8.29) and (8.30), we have 
dAl (t) = E[ý_Qý 
m(T)dA(t) 
T 
= XtJtlryry(, rdW1+T2dWt +(1-ry)QadWt), (8.31) 
comparing with equation (8.21), we get 
ryT2. 
fi(t) = Xt bt ryT1 
and 02(t) = Xt bt 1 
'Y 
Taking 01(t) and P2(t) into equation (8.25), the optimal portfolio process should be 
1ý =1 
Ti (8.32) 
71 1-ry 
and 
such that 
Ir2 =1 
72 
, 
(8.33) 
Q2 1-7 
7rt 7rt - W2 
71 
=1-ý 
(1 
- -f 
)_1 
62 
(1 72 
ý 
1. (8.34) 
If we take the above portfolio processes into equation (8.24), the investor's optimal 
terminal wealth satisfies 
h 
T2 2 
Xt = 
(_aara+1+i)dt 
t 
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za 
+ lIlrydWl+ 1T2rydWt 
+cyadWt, (8.35) 
or equivalently 
X= = xexp{L2UQcara+2(1_y)2(Ti+TZ)Jt 
az 
+1T1 
ryWi 
+ 1T2 ryWt 
+QaWg 
}. 
(8.36) 
We can see that equation (8.36) is consistent with equation (8.19), when t=T. 
This implies that the portfolio processes we obtained above can hedge the optimal 
terminal wealth. 
8.3 Conclusion 
In this chapter, we have introduced a general numeraire into the market. As we 
have seen from the above analysis, a numeraire will not affect the investors wealth 
process and the investor's trading strategy. However choosing a suitable numeraire 
can help us simplify the process of pricing and hedging the financial products. 
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Chapter 9 
Conclusion and Suggestions for 
Further Research Suggestion 
As we have demonstrated, the introduction of an insurance-linked security provides 
some suitable hedging instruments for pensions providers and the life insurers. In 
this thesis, we have investigated some valuation approaches for the insurance-linked 
products and considered how the annuity issuers can use these new products to 
hedge the non-hedgable insurance risks. 
The new researches carried out in this thesis can be summarized as follows 
" We have used the equilibrium pricing method and risk minimization method 
to price a newly issued security. The small discrepancy between the prices 
from the two methods can be removed by choosing a suitable market price of 
risk. 
" We have demonstrated the consistency between the risk minimization pricing 
method and the variance optimal martingale approach. 
" By using power series expansions, we have obtained a series of approximate 
price candidates of the asset. 
" We have used linear approximation pricing methods for a pension annuity 
based on a two-factor stochastic mortality model. 
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" We have applied the martingale approach to find the investor's optimal trading 
portfolio and the optimal terminal wealth, for the case where we assume the 
investor has a future pension liability. 
" We have demonstrated the consistency between the martingale approach and 
the stochastic optimal control methods. 
" When a new insurance-linked is issued, by investigating the investor's portfolio 
process and the optimal terminal utility, we found that it is always optimal 
for investors to include the new asset. 
9 By using a general numeraire, we have found that choosing a suitable nu- 
meraire can simplify the calculation process without affecting the final results. 
The thesis has investigated some valuation methods of the insurance risks, using 
a closed form approach with a simplistic market model. The equity asset model 
we used in the thesis follows a simple Geometric Brownian Motion with a constant 
volatility and the interest rate is a constant or a short rate model. Further 
investigation could be undertaken for more complex asset models and using a 
dynamic simulation approach. On the other hand, we only considered one type of 
insurance-linked product, the longevity bond. In the future, we could extend the 
valuation framework we constructed here to some other insurance-linked products. 
Other possible lines for further development are indicated as follows: 
" To project the future development of the asset allocation process, we could con- 
sider using market consistent stochastic projection models with the dynamic 
management actions incorporated. 
" We could develop more sophisticated stochastic mortality model, based on a 
more reliable mortality index. 
" Based on the valuation approaches we introduced, we could extend them to 
other mortality derivatives, such as, survival swaps. 
" Since the pension providers and life insurers have to face the long term asset 
liability management problem, we could develop the term structure models for 
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the mortality rate, as considered in Cairns (2004). We could also combine this 
with the term structure model for interest rates. 
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Appendix A 
Monte Carlo Simulation 
Monte Carlo methods are widely used to simulate the behaviour of various physical 
mathematical systems. It was first introduced to finance by Phelim P. Boyle (1977). 
In Chapter 6, we use Monte Carlo method to simulate the value of the pen- 
sion annuity ST(T, y, A(T)): that is the price of a pension annuity, which will 
provide an annuity of £1 payable at times T, T+1... to someone aged y= 65 
at time T= 25. The following steps detail the algorithm of the Monte Carlo 
simulation 
1. We use an initial value Al(-1) = -10.95 and A2(-1) = 0.1058 and simulate 
1000 paths of A(25). Thus we obtain a range for A1(T = 25) E (-12, -10.7) 
and A2 (T = 25) = (0.1,0.12). 
2. For each given Ai(T = 25) and A2(T = 25), for i=1, ..., 1000, we simulate 
another 1000 sample paths of Al"j) (u) and A2"j) (u), for u= 26,27,... and 
j=1, ..., 1000. 
3. Calculate the corresponding survivor index s(i, j) (u, y- 25)/ si (25, y- 25) for 
the proportion surviving from time 25 to time u. 
4. Calculate 
, B'(25, u, y- 25) =v"-25 x1 
1000 S( a, 3)(uy- 25) 
1000 
ý 
si(25, y- 25) 
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where v is the discount factor, then the price of the pension annuity is 
S (T, y, Aýiý(T)) = 
Eu T B(a)(T' T) 
B (T, T, y- T) 
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Appendix B 
Proof of Corollary 7.2.2 
In this appendix, we will give the proof of Corollary 7.2.2. 
COROLLARY B. 0.1 If we assume that W' and Wt are correlated, which means 
dW 1dWt = pdt, then for an investor with a power utility function, the Primal 
Problem 3.2.5 is solved by the optimal trading strategy 
1_Tl-'yaap 2_ T2 ý012 ýt _ 771 - _) , 
art 
0'2 1- 'Y) ,t=1- 
ýt -art , 
with optimal terminal wealth (in units of SS) 
/_, 22 
_x exp 
[2 
U. 
' 
- QaTa +2 
`1 
_ ry 
2 ýýTl)2 + (, r2)2) 2(1ß-Y)2 
7aP2 + (1 ry Y2) 
xricap T-1ýap-T1W1+ 
1 
T2WT-QaWT (B. 1) 
1-'y 
I1-ry 
and the Dual Problem 3.2.7 is solved by the optimal stochastic process which satisfies 
the SDE 
dZt = Zi[(aara-Wa+cJ p2'Y-Tiaap)dt+('yaaP-Tl)dW1-T2dWW +(1-ry)t7adWf ]. 
(B. 2) 
We assume that the short rate interest risk is defined as to satisfy the following 
SDE 
drt = (a - brt)dt + aodW1, 
where a, b, and o-o are strictly positive constants and Wt is random source from 
the interest rate. A cash account is available for investment in the market, and it 
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satisfies the following equation 
dS° = rtS°dt. 
We also know that the bond price, St and stock price, St, have the following form 
dSt = SS(rtdt + c7(dW' + Tldt)), 
dSt = St (rtdt + 62(dW 2+ T2dt)). 
We assume that a pension annuity, St, is a non-tradable asset in the market and 
satisfies 
dSt = Sp(rtdt+Qa, (dWt +TQ, dt)). 
where W2 and Wt are random sources from St and St respectively. We assume 
that Wl and Wt are correlated, which means dW1dWt = pdt. Using the annuity 
as a new numeraire, we will obtain that 
0 
d, to = dsä = 
1dS° 
+ S°d( 
la) 
+ dS°d( 
a St St4 St St 
= S°[rtdt - (rt + Qa(dWt + Tadt)) + cädt] 
= Sto((c7 - QaTa)dt - oadWj ). (B. 3) 
Similarly, 
1 
dSt = dSt = 
Sý dSt +Std(S ) +dStd(S ) 
= 
St [rtdt + rj(dWW + Tidt) - rtdt - aa(dWW + Tadt) - rtcrapdt + aQdt] 
= St ((a +i T1 - QaTa - 11(7aP)dt + hldWt - aadWf ), (B. 4) 
2 
dSt = dSa = St ((Ua + 52T2 - (TaTa)dt + a2dW2 - ýladWi ) 
t 
Then we denote by Zt a state price deflator, (Z0 = 1) and Zt EM (S°, S= , 
§t2), 
which satisfies the following equation 
dZt = Zt(Aodt + AidW 1+ A2dWt + Aa. d V ), (B. 5) 
equivalently 
zt = exp \o - 
2\1 
- 
2\2 
- 
2\Z 
- pal\a t+ Alwvl 
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+A2 IV2 + Aa, Wt 
I. (B. 6) 
Note that Zt§t, (i = 0,1,2) are martingales. Apply the Ito Lemma to the product 
of ZtSt, we obtain 
dZtS° = S°dZt + ZtdS° + dZtdS° 
= ZtS°[Aodt + )1dWt + \2dWt + \QdWt ] 
+ZtS°[(Uä - Qara. )dt - Qa, dWt ] 
-ZtS°(Aaca + QaAip)dt, (B. 7) 
dZt, 't = ZtSt[Aodt+AidW1+A2dW2+AadWt] 
+ZtSt [(Qä + IT, - QaTa - ijc'aP)dt + iidW i- QadWW ] 
+Zt§t (A1? ) - Aaca +7lXaP - craAiP)dt, (B. 8) 
and 
dZtSt = Zt§t [Aodt +) idWt + A2dW 2+ AadWt ] 
+ZtSt [(Qa + 52T2 - QaTQ)dt + Q2dWt - QQdWa ] 
+Zt§t (A2Q2 - Aaaa - oaaAip)dt, (B. 9) 
According to the property of martingales, the drift terms of dZt§i are equal to zero, 
so we have 
z l\O + Ua - QaTa - Xa(7a - Qa>1P = 01 
Äo + Qä + 77T1 - UaTa - 7)0'aP +'0Ä1 - \aUa + TJAap - QaAiP = 0, 
Ao+Ua+Q2T2-QaTa+U2Ä2-AaQa-QaAip=0. 
From the last three equations, we get 
A2 = -72, 
ýý - QaÄa - Un + QaTa + Uäf) - QaXap 
2- 
T1QaPe 
Al = UaP-AaP-T1. (B. 1O) 
For an investor with a power utility function, we know that the convex dual of the 
utility function is 
-a U(ý) = Jý , 
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where ß= -f/(l -'y) (-y is risk aversion parameter). Then 
E[U(yZT)] _ 
P {_ [Ao 11 Y- eXp ,Q-2 (ßi)2 2 (A2)2 - 
1(aa)2 
- , \laap T 
+ (OA, )2T + 
1WA2 
)2T +2 (0Aa)2T + 02A1AaPT 
1 
(B. 11) 
22 
EQ (YZT)-a] 
-a ya E[ZTß] 
Taking the expressions of A in equation (B. 10) into the above equation, we obtain 
E[U(YZT)] =- exp 1- 
ß[Qai\a - Qä + 0-. r. + OaP2 - QaAap2 - 7-10'. P 
-1 (aaP - AaP - T1)2 - 2T2 -1 
(Aa)2 - (0aP - AaP - ? '1)AaP]T 
+ (ß(aaP - \aP - rl))2T +2 (0T2)2T +2 (ßl\a)2T 
+ß2 (Qap - Aap - TZ) 
A0pT 
}" 
(B. 12) 
Differentiating equation (B. 12) with respect to Aa and make it equal to zero, we will 
obtain 
TA, E[U(yZT)] = -ßc 0+ Qcap2 - QP(aaP - AaP - T1) + 
ßAa + ßa'ap2 - 2QAap2 
a 
-QT1P - 
Q2P(craP - AaP - Ti) + p2Aa + ß2QaP2 -2 Q2AaP2 - ß2T1P 
=0 
-0a + Qap2 + Aa - Aap2 + IAa - ßAap2 = 0, 
Aa = 
Ua 
- (1 -'Y)Ua, (B. 13) 1+p 
combining with equation (B. 10), we have 
ý1 = ryQa p- Tl and 
A0 = QaTa - -tar 
2+ 
QQ p2ry - T1G a p. 
Until now, we have worked out an optimal stochastic process, which solves the Dual 
Problem 3.2.7, and satisfies the SDE 
dZt = ZtýýýaTa-'YUä Ua2P27 -T1QaP)dt+(yolaP-Tl)dWl-T2dWt +(1-'Y)aadWt ]. 
(B. 14) 
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For the agent who has a power utility function, from equation (3.28), the investor's 
candidate optimal terminal wealth is given by 
= E[Z(ZT)G 
x exp{ i [(, \o -' A2 - 1A2 - 1A - pAlaa)T + A, WT + A2WT + A0WT]} 
exp { [-Q, \o + ß(1 +, a)(2 (A, )2 -2 (A2)2 -2 (Aa)2 - PAlAa)]T} 
_x exp i-[. \p - (1 -ß2)(1(A, )2 + , 
11(A2)2 
+ 
1(Aa)2 
+ pAlAa)]T 22 
-1 
1 
, YA1WT -11 ya2WT 
1 
-1-Y WT} (B. 15) 
Taking A0, Al, A2 and A. into equation (B. 15), the investor's candidate optimal 
terminal wealth follows 
xexp 
[-YO'. 2 -QaTa-£äP2y+T1Qap+(1-Q2) 
1(-Y(7aP-7-1)2+1(72)2 
+2(1 - y)2a2 + (1 - y)Qa('YQaP - Ti) T-11 y(WaP - 
Ti)WT a] 
- 
-}- 
1 
T2 WT - QaW 
} 
1-y J 
=x exp 
L1 
U2 - QaTa - Q2p2y - T1UaP +21 
(1 
- y) 
y2 (y2QGP2 + (Tl)2 + (T2)2) 
(1- ) 
((1 -'Y)UaP21' - PTlaa) `I' -11 ,y 
(70'aP - T1)WT () 
+1 
ry72WTt7aWT 
=2 exp Qä - QaTaT -{- - ry + 
(1 - 27)'Y2 + 
(1 - try) ry (1 - y) ýz z7, 2 2(1 -y)2 (1 -y)2 aP 
(1-try) 2y) 
-I- 1- (1 -'y)2 
T1o-apT +12 
(1 
(1 
-- 
7)2 
((Tl)2 + (T2)2 )T -1_ ry('YýaP 
-Tl)WT +11 T2 WT - UaWT 
11-2 
// = exp 2Qa - QaTa - 2(lry y)2Uäp2 
++ 
(1 -,, 
)2 
2 
T1QnP+ 
2 (1 - py 2llT1)2 
-}'(72)2) T-11 
,Y 
(-Yo-, p - Ti)WT +11 ryT2WT 
QQW?. (B. 16) 
let us define Mt := E[ZTCI Ft]. Since Zt E M(. ), Aft is a martingale. Accord- 
ing to the martingale representation theorem, there exist progressively measurable 
processes ? '1(t), '2(t), Oa(t) satisfying 
I 
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almost surely and 
t 
Aft =x+Jt b1(u)dWü +Jt i2(u)dW, u +J iba(U)dW, , 
(B. 17) 
00 
in 
or 
d1A7t = 01 (t)dW 1+ 2(t)dWt2 + iIa(t)dWt . (B. 18) 
With the application of Itö's formula, we obtain 
dk = d(ZtMt) 
- dZ = 
kdMt -2tdZt-1 dZ tdAlt+ 
3t 
tdZt Zt Z2 t Zt 
= 
Zt [ol(t)dWt' 
+ '2(t)dWw + ýba(t)dWW - Mt(Apdt + Aidw1 + A2dWt 
+A2dWt') - (lkl (t)Al + 2(t)A2 + a(t)Aa + iIa(t)Xi p+ ýh(t)Aap)dt 
+M (A1 + \2 + \ä + 2AaA1P)dt 
=1 
[[M(_Ao (t)ý11 
-i- 12(t)ý2 + ý1 + ý2 + . ýa + 2, \a, \1P) - ('01 
+ Oa(t)iiP +' bi (t)AaP)]dt + (0i (t) - MMAi)dW l 
+(b2(t) - Mta2)dWi + (ba(t) - Mtaa)dWt . (B. 19) 
We define portfolio processes i;, (i = 0,1,2), which represents the proportion of 
investor's wealth investor in each asset, so 7r0 + 1r1 + ire = 1. From self-financing 
theory, we also know that the wealth process, Xt , is governed by 
h dich 
= 7, 
pr(ua 
- QaTa)dt - a0dw°) + ýt 
((o- + r1T1 - QaTa - rlciap)dt + yldW 1 Xt l 
-QndWt) + ý'i ((cä + 52T2 - UaTa)dt + Q2dWt - QadWf ) 
- (Qä - QaTa + it 
t1(71 
- Clap) + rrt a2T2)dt - ClndW° + 7rz ridW 1 
+it Q2dW 2 (B. 20) 
Comparing the coefficients of the dWt term in equation (B. 20) and (B. 19), we obtain 
that 
Zt 
(tb1(t) 
-M A1) 
Zt ('fa(t) - Mtal) 
1 
= 7rt 1]iý 
h 
t 
1Xh 
62 t (B. 21) 
164 
Next we need to work out the value of fit (t) and fit (t). We know that 
Me = E[ZT(I. Ft] = E[Z I 
E[ZT I. Fi (B. 22) 
We define Z := m(t)A(t), where 
m(t) := exp { 
ry \"t -I- 
ry 
2 
(ai + A2 + \2 + 2PAlAa)t } 
lry-1 2(ry-1) )) 
I2 
A(texp 
2(y 1)2(aß+ý2+aä+2pA1Aa)t+ry' 1(A1W1+A2Wt 
+A2WiNote 
that m(t) is deterministic function and A(t) is a martingale, thus 
i 
E(ZT 1 ý. ýi] = E[m(T)A(T)I. Ft] = m(T)A(t). 
From equation (B. 22), we have 
Aft = E[ZTýý m(T)A(t), 
(B. 23) 
and 
h 
Alt 
Zt E ZX Ztm(T)A(t). 
(B. 24) Xt 
T 
So from (B. 23) and (B. 24), we can obtain 
deft 
E[x m(T)dA(t) 
= ktZt "y 
'y 
1 
(aidW1 + A2dWt + AadWt ). (B. 25) 
- 
Comparing the above equation with equation (B. 17), we get 
ry 
'y 
-1 1\1, 
and 02(t) = xtzt 1(t) = Xtzt ryry-A7: 71 
Taking V%1(t) and i'2(t) into equation (B. 21), it follows 
1 (Xtzt ry Al - MtAl) = 7ririXt Zt ry-1 
ýt = 
1( ry ý1 - ý1) - 
Tl YaaP (13.26) 
and 
/ 
(X tzt 
l1 A2 - MtA2) = ýt U2- kt 'Y- 
7rt = 
a2 7 
'y 
1 
A2 - A2) _ cr2(1 
72 
,ý, 
(B. 27) 
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thus 
Ti - ýYaaP 72 
7rt 7rt - 7rt =1- (B. 28) ý(1 -'Y) X2(1 -'Y) 
If we take the portfolio processes in into equation (B. 20), the investor's optimal 
terminal wealth should satisfy the following SDE 
dXt 
Q 
s 
QTQ + 
(Tl 
- 'YQaP) 
(Tl 
- crnP) 
+ 
TZ 
)dt - QndWd + 
Tl - 20, dWt1 Xt 
(o -1-y1- ,ýt1- ry 
+1T2 dWt. 
7 
Equivalently 
1TQ2 r2 (71 - 'YQaP)(Tl - QaP) T2 2 1_, aP Xt=x exp I Qa - QaTa 'I' 1_ y -F 1y 2( l- ,y) 
-1( 
T2 )z- Q2_0 
WaP-Tp 
dt - QdWa-y 
apT1dW1 
2 1-y 2aa 1-y at1 -y t 
-}-1 
72 d Wi 
I 
1[2 
exp Qä 2- QaTa +2 (1- 
y)2 ((Ti )2 + (T2 )2) 
1 
ry 
ý, 21ý2 
ýY 
-1 
ryOaP2+(-1 
y+ (1 
Yy )TlUap t- ry 0P-T1W1 
+11 T2W 
2- 
QaWt 
_x exp 
2[Ua_aTa+(1 _ 1[- 
)2 
((Ti)2 + (72)2) - 2(1 
ry 
'Y)Z0' 
2P2 
t7a - 
-I- ý1 
ry 
'Y)ZT1QaP 
t- ry 
1P ýTl 
W1+11 
ryT2Wt - 
QaWt 
I. 
(B. 29) 
The agreement between equation (B. 29) and equation (B. 16), (T = t), implies that 
the portfolio processes we obtained above can hedge the optimal terminal wealth 
perfectly. Thus we have finished the proof of the Corollary 7.2.2. 
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